UIUC Physics 498POM Physics of Music/Musical Instruments

Examples of Complex Sound Fields:

Example # 1: 1-D Plane Monochromatic Traveling Wave Propagating in “Free Air’:

Note: this acoustic example is the electrical analog of a simple AC circuit with a purely real
instantaneous AC voltage V (t) =V, coswt imposed across a purely real resistor of resistance

R (Q)with purely real instantaneous AC current |1 (t)=1,cost flowing through it.

In “free air”, the instantaneous pressure at a space-time point (x,t) associated with a 1-D

plane monochromatic traveling wave propagating e.g. in the +x-direction is a purely real
quantity: p(x,t)= p, cos(mt—kx).

The 1-D instantaneous longitudinal particle velocity (i.e. in the x-/propagation direction) at
the space-time point (x,t) associated with a 1-D plane monochromatic traveling wave is

obtained via use of the 1-D Euler equation:
ou'(xt) 1 dp(xt) p,ocos(wt-kx)  kp,

= = = sin (C()t - kX)
ot p, OX yoR OX yox

Then:
u'(x,t) :—&jsin(cot—kx)dt =+ﬁcos(a)t—kx) =ﬁcos(a)t—kx) =u) cos (ot —kx)
Po Wp, PoC
where we have used the relation ¢ = w/k =343m/s = speed of sound in {bone-dry} air @ NTP.
Note also that u! = p,/p,c/

Since p(x,t)= p,cos(wt—kx) and u'(x,t)=(p,/p,c)cos(wt—kx)=ulcos(wt—kx),

we see that the pressure and 1-D longitudinal particle velocity are in-phase with each other for a
1-D monochromatic plane wave propagating in “free” air. This in turn implies that the

1-D longitudinal specific acoustic impedance, admittance and sound intensity will thus also be
purely real quantities for a 1-D monochromatic plane wave propagating in “free” air...

We can express the pressure and 1-D longitudinal particle velocity in complex notation as:
p(xt)=p,e"™ and u'(x,t)=ule"™* . The 1-D longitudinal specific acoustic impedance

associated with a 1-D monochromatic plane wave propagating e.g. in the +x-direction in “free”
air is then easily seen to be a purely real quantity:

p(xt) p e p, B

2! (x)= T(xt) Wso U Y/p — pc=12, (Q,)

wt—kx
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The purely real quantity z, = p,c =1.204-343=413 (Q,) @ NTP is known as the
characteristic specific acoustic impedance of free air. Its inverse is the purely real characteristic
specific acoustic admittance of free air: y, =1/z, =1/ p,c =1/413=2.42x10 (Q;l) . Note that

neither c, po, z,nor y, are actually constant e.g. with air temperature, T as shown in the table
below, for an ambient pressure of Pam = 1 atmosphere:

Temperature (°C) c (m/s) 0o (kg/m?) Za (Qa) Va (Qa)

-10 325.2 1.342 436.1 2.293x10°

-5 328.3 1.317 432.0 2.315x107°

0 331.3 1.292 428 .4 2.334x107°

+5 334.3 1.269 424.3 2.357x107°

+10 337.3 1.247 420.6 2.378x107°

+15 340.3 1.225 416.8 2.399x10°°

+20 343.2 1.204 413.2 2.420x107°

+25 346.1 1.184 409.8 2.440x107°

+30 349.0 1.165 406.3 2.461x107°

Note that the 1-D longitudinal specific acoustic impedance z) (x)= p,c =z, (€,) and/or

1-D longitudinal specific acoustic admittance y!! =1/2! =1/ p,c (Q;l) associated with a 1-D
monochromatic plane wave also have no spatial (i.e. x-) and/or frequency (i.e. f -) dependence.

The instantaneous 1-D longitudinal sound intensity associated with a 1-D monochromatic
plane traveling wave propagating e.g. in the +x-direction in “free” air is also a purely real
quantity. The instantaneous real/in-phase/active and imaginary/quadrature/reactive components
respectively, are:

I!irnSt(X’t)E pr(x,t).uy(x,t): p,u! COSZ(a)'[—kX)
1 (x,t) = p, (x,t)-ul (x,t) = p,ul cos( et —kx)sin (et —kx)

For an observer’s/listener’s position e.g. at x = 0, these becomes:

12" (x=0,1) = p(x=0,) (x=0.1) = B co”
1™ (x=0,t)=p(x=0,t)u"(x=0,t)= p,ul cos wtsin et

. . 1 (= .
Noting that the time-averaged <0052 a)t>t == .[t t . cos’ wt dt =1 and that the time-averaged
.

(coswtsinot), = %j: cos wtsin wt dt =0, the time-averaged real/in-phase/active and

imaginary/quadrature/reactive components of the instantaneous 1-D longitudinal sound intensity
at the listener’s position x = 0 associated with a 1-D monochromatic plane traveling wave
propagating e.g. in the +x-direction in “free” air respectively, are:
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<I!‘r”3‘(x:0)> = p,u L‘<cos a)t> ipul
<I;“i"5‘(x: )> = p,ul (cos atsin wt) =0

We can define RMS pressure and particle velocity amplitudes in terms of their respective peak

amplitudes: p,™ =% p, and u,"™ =—-uy, then we see that the RMS active and reactive

components of the 1-D longitudinal sound intensity at the listener’s position x = 0 associated
with a 1-D monochromatic plane traveling wave propagating e.g. in the +x-direction in “free” air
are respectively equal to active and reactive components of the time-averaged 1-D longitudinal
sound intensity at that point, i.e.:

4 (x=0) = (1L (x=0)), = pu} = py"ul™
4 (x=0) = (1L (x=0)), =0

The reader can also easily verify for this example that the time-averaged active and reactive
components of the 1-D longitudinal sound intensity associated with a 1-D monochromatic
traveling plane wave propagating e.g. in the +x-direction are also correctly given using the
complex time-average definition:

(I1(x)) =2 p(x )0 (xt)=4p, &2 Tul 77 = pul = (i1, (x)) +i(!;(x)) = p,ul+0i

Here in this problem, note that <I~!( > <I ! > +|<I ! > = p,u!l +0i = p,u! also has no

position (i.e. x-) dependence!

The instantaneous potential, kinetic and total energy densities associated with a 1-D
monochromatic traveling plane wave propagating e.g. in the +x-direction at x = 0 are:

ins 1 1 1
Wooy (x=0,t)=§p = p?(x=0,t)= >

0

W|I<rl]f?t (X - O’t) %poar (X - o’t).Ur (X - O’t) :%pouo2 C052 ot

Wt (x=0,t) =Wy (Xx=0,t)+wi (x=0,t) ==

2 0oe?
ol u)’ cos’® wt

(0]
For this situation with a 1-D monochromatic traveling plane wave, we obtained the relation

p(xt) _p

2 (x)= o Q

(%) u'(x,t) ul ==, ($4)

Thus we see again here that: p, = p,cu!l =z,u!l. Using the square of this relation in the above
expression, we also see that:

Wlnst(x Ot)E mSt(X=0,t)+wll<r|]r?t(xzo’t):

12 2
tot potl _pouo Cos” wt

0
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The time-average of the potential, kinetic and total energy densities associated with a 1-D
monochromatic traveling plane wave propagating e.g. in the +x-direction are:

2

ekt 11, ,

(Wooy (X)), = d o apg p; (Joules/m*)

ﬁ(x,t)‘2 =%p0u1)2 (Joules/m*)

(W (X)), =3 21 (G (3T (%) =3,

<Wtot (X)>t E<Wpot| (X)>t +<Wkin (X)>t :%plcz pf +%pou(|)|2 (JOUIeS/ma)

0

Again, using the square of the relation p, = p,cu! =z.u! in the above expression, we see that:

(9 (30}, = (W (), e (1), =5 P2 =5 20 = ol (doutes/ )

Note that the ratio of the time-averaged potential energy density to the time-averaged Kinetic
energy density e.g. at x = 0 is equal to unity for a 1-D monochromatic traveling wave:

(W (X)), _ 4 pc®  _dpe™  p p 2
<Wki“ (X)>t ipo ﬁ(X,t)‘z jl"loouo2 p§C2u(|)|2 ZEUL‘Z Zg
Note further that:
<|~£(X)>t = ; P L:%% p; zépocuoz (Watts/m?)

Again using the relation p, = p,cu!l =z, u!', we also see that for a 1-D monochromatic traveling
plane wave that:

1 2 1 12

P, == p,CU

(L0), = (), =5 P =51 = pcus” (wats/)
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Example # 2: Two Counter-Propagating 1-D Plane Monochromatic Traveling Waves in “Free Air”:

In this example, we imagine two un-equal strength harmonic (i.e. single-frequency) sound
sources located at x = +oo, with an observer/listener located near/at the origin x = 0. At the
observer’s location there will therefore be two 1-D monochromatic plane traveling waves
propagating in opposite directions in “free” air (i.e. the Great Wide-Open).

The physical over-pressure amplitudes associated with the right- and left-going
monochromatic plane waves are purely real quantities:

Pa(X.t)=Acos(wt—kx+¢,) and pg(Xx,t)=Bcos(mt+kx+ep,) with A= B{necessarily}
Using complex notation, the individual over-pressure amplitudes are:
Pa(xt)=Ae""* and p,(x,t)=Be""* with A= B {necessarily}
where A:‘A‘ e'» = Ae» and B :‘fi‘e“/’ﬁ —Be'”
Since each individual complex over-pressure amplitude satisfies its own Euler’s equation:

Oups (Xt) 1 Opag(Xit)

ot Lo OX

the corresponding right- and left-going 1-D longitudinal complex particle velocities are:

A ot B i ]
al (x,t)=—-¢e ) and al (x,t) = ———e'“@™ = _gll &) (ysing ¢ = w/k
A( ) 0. B( ) .C B, (using /K )

Note the —ve sign in the left-going 1-D longitudinal complex particle velocity amplitude,
which simple reflects the fact that it is propagating in the —ve x-direction.
For sound pressure levels SPL =L, = 2010g,,( P,/ P, ) <134 dB, corresponding to sound

over-pressure amplitudes in “free” air at NTP of |p(F,t)| <100 RMS Pascals, the principle of

linear superposition holds, such that the total/resultant complex over-pressure and longitudinal
particle velocity amplitudes respectively are:

B (X, 1)= Pa(X,0)+ P (x,t) =A™ 4+ Be™*) (Pascals)
and:

0 (1) = 0 (0)+ 8 (x0) = a1 g gtom - A giocm_ B e
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We can recast the above equations in terms of the dimensionless complex variable:

2 B _[Ble f‘o 1Bl ) < [Rlel ) =[Rle
AR (A
Thus:
P (X1) = A[ e ‘ﬁ‘ei(mm ‘eiA‘oBA] = Ae!) [1 + ‘Ii‘ei(z“x*“’m)]
and: i )
Oe (%) = p—'j‘c[ei(“"‘kx) —|R[err ) gitee | = %‘Cei(‘“"‘x) i
We first calculate the magnitudes of the complex total/resultant over-pressure |p,, (x,t)‘ and

1-D longitudinal particle velocity

0 (x.1)]:

B (X)) = B (X,1)- B (X:1)

—|A \/(1 N ‘Fq‘eimxwm)),(l N \FE\ ei(zkx+A¢BA>)*
e ) e )
SR e

\/1+‘§Hei(2kx+A(/JBA) " e—i(2kx+A¢BA)}+‘§‘2

Il
p

Il
T

Il
p>1

=|A \/1+ Z‘ﬁ‘COS(ZkX+A(p8A)+‘§‘2
and:

0l (x,t)]= /b, (x.t) -Gl (x,t)
(1 [Rleres). o - [Rleen)
=L = W) e - [Rle )

_ A\/l R‘ i(2loc+ Age R‘ (200t Agps +‘R‘

)>1;<2 pedl

_ A \/1 R‘ i(2kx+Agga i(2kx+Apga } ‘ﬁ‘z

e
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Thus, e.g. for an observer/listener’s position x = 0, and for equal-strength pressure amplitudes
‘A‘ = ‘B‘ =N ‘F?‘ = ‘BMA‘ =1 (i.e. a pure standing wave!) these formulae simplify to:

| B (x=0,t)| =2 |AlJ1+ cos Agy, and: [al, (x=0,t)|= ‘ “/1 COS Ay,

UH
Thus, we see that when: Ag,, =0,+27,+4r,...=£n,, 7 that: cosA(pBA =+1 and thus:

| (x=0,t)[= Z‘A‘ and: |0

Uiy, (x =0, t)‘ 0

i.e. we have complete constructive (destructive) interference associated with the two individual
complex over-pressure (1-D longitudinal particle velocity) amplitudes, respectively.

We also see that when: Ag,, =+17,+37,£57,...=£n 7 that: cosAg,, =—1 and thus:

P (Xx=0,t)|=0 and: |a}, (x=0,t) ‘ ‘
[Pua (x=0,1) )-

i.e. we have complete destructive (constructive) interference assomated with the two individual
complex over-pressure (1-D longitudinal particle velocity) amplitudes, respectively.

Hence, we can also now see that when ‘F?‘ = ‘BMA‘ #1, itis not possible to ever achieve

complete constructive/destructive interference effects between the two individual right- and left-
moving complex over-pressure and/or 1-D longitudinal particle velocity amplitudes.

Since P (X,t)=| B (x.1)| €™ and al, (x.t)=|a]

e (X, t)‘ %Y the phases of the complex

total/resultant pressure and 1-D longitudinal particle velocity associated with the two counter-
propagating 1-D monochromatic plane waves are given by:

9, (x,t)=tan™ [ Pt (% )j big mess!

IOtI’(

t)
and: goum(x,t)stan( “’“E ;J big mess!
totr

We will work these out later... Below, we will see that the expression for the phase difference
Ap, . (X)=9¢, (X)=9, (X)=¢,(x)=¢,(x) will be much simpler.

The complex 1-D longitudinal specific acoustic impedance associated with the two counter-
propagating 1-D monochromatic plane waves is:

Z!tot(X)E p|t|Ot xw{l " ‘R‘e o) j|
Utot \A M[ ‘ﬁ‘ei(ka+A(pBA):|

[1 n ‘ﬁ‘ei(ka+A(pBA)j|

|:1_‘F'i‘ei(2kx+AgoBA):|

= pyC
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Since the characteristic specific acoustic impedance of “free” air is z, = p,c, then:

5 (X): , [1 + ‘ﬁ‘ei(kaM(pBA)] _ [1 n ‘ﬁ‘ei(kamwBA)].|:1_‘§‘ei(2kx+A(pBA)i|*
e

e ‘ﬁ‘ei(zkxmwm)] [1_‘F§‘efi(2kx+A¢aA)] 1+|R|e?r0e) _‘ﬁ‘eii(mmm) _‘F:)r_
=7 ]

/1
-
|
Y

0 _|:1_‘§‘ei(2kx+A(oBA):| '|:1_‘F§‘e’i(2kX+A¢’BA):| ° = ei(2kx+A(pBA)_‘ﬁ‘e—i(kaA(pBA)+‘§‘2_

_1+ ‘ ﬁ‘ {ei(zkx+AwBA) — g (Ferave) } _‘ﬁﬂ
R

‘1_ ‘ F\~" {ei(szJrA(ﬂBA) n e*i(mm%“)} +

[{1_ R 2} _}_‘F'i‘{ei(zkﬁA(pBA) _e—i(ka+A(pBA)}_
e R}

1[R[} +2i[Risin(2loct Agy,)|

"L+ R} - 2fRcos (200 Ay, |

Zc!iltot (X) =1z

Note that 2!

tot

(x) has no explicit time dependence, but certainly does have spatial/position (x-)
and frequency (f-) dependence (via the wavenumber k =27z/1 =27zf /c)!

The magnitude of the complex 1-D longitudinal specific acoustic impedance associated with
the two counter-propagating 1-D monochromatic plane waves is:

oo ()] =7 (%) 2 (0

-7 2iRlsin o gy )| [ f1- |5 21 fsin 2+ 1) |
| {14[R]"}-2[R|cos(2oc+ A, )|

L RF |+ 2iRsin 2o+ 2 |- 1] | -2 Rlsin 2+ 204, |

[{1+ ‘Fir} —2|R|cos (2Kkx+ AgoBA)}

=z

0

=17

0

JARF) ol sin (2c s g

o [{l+‘l§‘2} —2‘I§‘cos(2kx+A¢BA)}
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The phase of the complex 1-D longitudinal specific acoustic impedance associated with the
two counter-propagating 1-D monochromatic plane waves is:

] ik K| so /M}

¢Z X Etan* atoti —
(x) (z;wtr(x)

2‘I§‘sin(2kx+A¢BA)

= ta‘n_l ~12 = A¢p!0t_u!0t (X) = ¢ptot (X) - (Dumt (X)
{1—‘R‘ }

Thus, e.g. for an observer/listener’s position x = 0, and for equal-strength pressure amplitudes
‘A‘ = ‘B‘ = ‘Fi = ‘BMA‘ =1 (i.e. a “pure” standing wave) these two formulae simplify to:

, iSinAgg,

5l
‘ °[1-cosAgpg, |

atot (X = 0) =
and:
®, (0) = tan_l (23“’]%] = tan_l (iOO) = A¢ptot_utot (0) = ¢ptot (0)_(0“101 (0)

=+7/2,437/2,£57/2,.... =1n /2

i.e. for an observer/listener’s position x = 0, and for equal-strength pressure amplitudes ‘A‘ = ‘é‘
= ‘R‘ —‘BMA‘ 1 the complex 1-D longitudinal specific acoustic impedance Z), (x=0) is
purely imaginary; its phase ¢, (x = O) is an odd integer multiple of +7/2=+90° — which in
turn also tells us that in this situation, the complex pressure p,, (x =0,t) and 1-D longitudinal
particle velocity G (x = O,t) differ in phase by an odd integer multiple of +7/2=+90°.

Note that in general, maxima associated with the complex 1-D longitudinal specific acoustic
impedance Z,, (x) for this situation occur whenever 2kx+Agg, =0,+27,+47,+67...=+n,,, 7
i.e. whenever cos(2kx+Ag,,)=+1, and sin(2kx+Ag;,, ) =0, then:

\/{l_‘§‘2}2+4‘|§‘2 sin2(2kx+A¢BA) {1_‘§‘2}2

o ff -2 Rleos(eocr 2] [{H\ﬁ\

s (O =2
atot maxima o]

N
———
|
N

pell
[T—

. =R | [ R
TN I PR °M1-<1—\ﬁ\> PR
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The phase associated with the complex 1-D longitudinal specific acoustic impedance maxima is:

@, (X)], e = 12N — =tan"(0)=0
axima {1—‘R‘}

- A¢pmt_utot (X)‘maxima - (¢pm (X)_q)“mt (X))maxima

Thus, for 1-D longitudinal specific acoustic impedance maxima associated with this situation, we see
that the total/resultant complex pressure p,, (x,t) and 1-D longitudinal particle velocity G, (X,t)
are precisely in-phase with each other, or at least by + even integer multiples of pi

tOt( )‘maxma ptot X t ‘/

(2kx + A, ) = 0,27, +47,+67... = £n,,, 7 , the magnitude of the total/resultant complex pressure

Pt (X 1 ‘will also be a maxima, whereas the magnitude of the total/resultant 1-D complex
longitudinal particle velocity |G

Since |Z

ot ( this also tells us that whenever

maxima

Ui (X,1) ‘WI” simultaneously be a minima:

eiinevenlr:|
A [1 + ‘ﬁ‘{cos(ineven”)_’_iwﬂ = Adt) [1 ’ ‘QH

Pt (X,1) = Ae' kx)[ i ‘fq‘ei(ZmAa)EA)]: Aot [1 N ‘fz

and: i i
aﬂ)t (X t):p_i\cei(mkx) [1_‘F§‘ei(2kxm¢m)]:p_f\c ((ut kx) [1 _ ‘R +.nevenﬁ}
:p—f‘ce‘(”’th) [1— ‘F?‘{cos(inevenz)+i5’i\n(‘i‘9§ve@}} = ,of\c gilet—k0) [1 _ ‘FQH
= B (%)= P (X,1) - Pl (x,1) ‘A‘[l + ‘F?H for [R|=1: |pa (xt)=2|Al | [ “pure”
‘A‘ standing
= ut“m(x,t)‘ \/ut”ot(x,t) ab (x,t) = p c[ ‘Iiﬂ for ‘Ii‘z (%, t)‘ 0 wave!!!

In general, minima associated with the complex 1-D longitudinal specific acoustic impedance
7y, (x) for this situation will occur whenever (2kx + Agg, ) = +17,+37,457... = +n

i.e. whenever cos(2kx+Agg, )=-1, and sin(2kx+Ag;, ) =0, then:

-10-
©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2002 - 2009. All rights reserved.



Zatot ()]

UIUC Physics 498POM Physics of Music/Musical Instruments

\/{l—wz}z+4‘I§‘Zsin2(2kx+A(pBA
minima [{1+‘F§‘2}—Z‘Fi‘cos(2kx+A(pBA)} {1+‘§‘2}+ ‘ H

Z{ L& JZ R ) (R R (R
a2 ff )R ) e R) TR Rl

The phase associated with the complex 1-D longitudinal specific acoustic impedance minima is:

¢, (x)

o 2‘|§‘sin(2kx+A(pBA)

minima {1_‘F~é‘2}

- A¢p‘°‘7u‘°‘ (X) minima - (¢ont (X) o ¢Umt (X))minima

=tan™(0)=0

Thus, for 1-D longitudinal specific acoustic impedance minima associated with this situation, we see
that the total/resultant complex pressure f, (x,t) and 1-D longitudinal particle velocity @, (x,t)

are precisely out-of-phase with each other, or at least by + odd integer multiples of pi.

Since |Z
2kX + Ay, = +1r,£37,457... = +n 4, , the magnitude of the total/resultant complex pressure

longitudinal particle velocity |G

this also tells us that whenever

m|nima

Al
utOt

=[P (x.1)|/

Zi (X)

minima

Pt (X 1 ‘will also be a minima, whereas the magnitude of the total/resultant 1-D complex

(x,t) ‘wnl simultaneously be a maxima:
ptm(x’t): Ag'(et-) [1 n ‘ﬁ‘ei(sz+A(ﬂBA):| Ael(@H0) [1 N ‘R +,nodd”]

B 1+ [Rlfoos(tnr) 4 1) || - A6 1 ]

’[Ot

and:

“Pure”
standing
wavelll

O (X, t)—p—ie(’”‘ kx)[ —‘Fi‘ei(z“““””)]:p—iei(”t"X) [1 ‘R ei'”wd”}
:p_’iei(”th) [1— ‘Fi‘{cos(inoddyz)+is,i\n(i~nmd@}} =p—ie‘(”th) [1 +‘F~QH
= [P ( Xt \/ptot X, 1) Py (X,1) ‘A‘[l— ‘RH for‘li‘zl: r)tot(x,t)‘=0
A - N 2|A
= [ah(x ‘ \/utot t)-ap (x ,L_o(‘?[l + ‘RH for ‘R‘z i (%, t)‘ p‘(,c‘
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A perhaps somewhat more general situation associated with two counter-propagating
monochromatic plane waves in “free air”, is e.g. the case when ‘Ii‘ = ‘EMA‘ =0.5 and

Ag@g, =0.5; the {normalized} magnitude of the complex 1-D longitudinal specific acoustic

zl (x)‘/z0 =2l (x)‘/poc and its phase ¢, (x)=Ag, , (X)=¢, (X)-@, (X) vs.
kx are shown in the figure(s) below.

impedance

LR
A (1-R)?
1-R 2
(1+R)?

z
PoC

0
+ Cos (2kx+8) =1 kx
Cos (2kx+0) = -1

0 -
(deg) 20 kx
-4(0)

.-60—-

The time-averaged total/resultant complex 1-D longitudinal sound intensity associated with
two counter-propagating monochromatic plane waves in “free air” is:

<I~E‘,Lm (x)>t z% Pt (x,t).gt\lo*t (x,t) :%Am[l_i_‘ﬁ‘ei(ZkHAng)].i St [1_‘F’é‘e—i(2kx+A(pBA):|

P,C
~12
:%pAC :1+‘ﬁ ei(2kx+AthA):|.|:1_‘F'é‘e—i(2kx+A(pBA):|
= % Py _1+‘Ii G —e“(zmA"’BA)}—‘ﬁﬂ and using: z, = p,C
1 AOZ : 1 ‘A‘z
2 [1ea ﬁ\sin(zkxm(om)_‘ﬁﬂ :EZ_[{l—‘ﬁr}+2i‘|§‘sin(2kx+A¢BA)}

0
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Compare this expression to that for the complex 1-D longitudinal specific acoustic impedance:

1R | 2i[Rfsin (21oc+ Ag) |

Z!tot(x): 0 " ~
{148} 2[Rleos(2kc 80, |
= N - D i il 2<|:a> = - -
Since < >t =3 p0" and Z, EUE_UE-E* = E‘Jz = ‘6‘2 L, or <Ia(x)>t :%‘G(x,t)‘2 Z,(x), then for

the 1-D situation we have here with monochromatic counter-propagating traveling plane waves:

L A ) ol
ot () = [ 1-2[RJcos(2locs Agy, ) +|R[ | = f14[R[ | -2lRlcos(2lcs Agy,)|

Thus we see that, indeed:
2{iL. () ] X.%@:[{1—“5‘2}+2i‘|§‘sin(2kx+A¢BA)} . [{1—‘|i‘2}+2i‘|§‘sin(2kx+A¢BA)} (0
utot(xyt)‘ Vf[{1+‘§‘2}_z‘li‘cos(2kx+A(pBA)}

[14[Rf | ~2[Rcos 2c+ g,
Z0

Note again that the above expression for the time-averaged total/resultant complex 1-D
longitudinal sound intensity <I~;‘m (x)>t, like that for the complex 1-D longitudinal specific

acoustic impedance Z),, (x) has no explicit time dependence.

The active and reactive components of the instantaneous total/resultant complex 1-D
longitudinal sound intensity are respectively defined as:

f;[l:‘srt(x,t)z Prcr (X, ) Ul (x,t) and f;!:‘?(x,t)z Procr (X, 1)Ul (X,1)

F~2‘ ei(ka+A(pBA):|

B (X, 1) = Agil@k0) [1 " ‘F\s‘ei(zkxmm)} _ ‘A‘ eion . qiletk) [1 N

e i(wt—kx+p) +‘ﬁ‘ei(a)t—kx+(/7A)ei(2kx+A(pBA)j| _ ‘A‘[ei(rm—kxpr) +‘§‘ei(m+kx+¢8)]

-|A
‘A‘[{cos(a)t kX +,) ‘F?‘cos(a)Hkx+¢B)}+i{sin(a)t—kx+¢>A)+‘F§‘sin(a)t+kx+¢B)}}
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Thus:
ptot,(x,t):‘A‘[cos(a)t—kx+goA)+‘|§‘cos(a)t+kx+goB)J
P (1) =| Al[ sin (@t —kx+ g, ) +[R]sin(et+kx+g;) |
. sin(wt —kx+ ¢, )+ |R|sin (ot + kx +
{So: ¢, (x,t)=tan™ Pui(X) =tan™ (@ ?) U (@ %) } and:
Prtr (X,1) COS(a)t—kX+¢)A)+‘R‘COS(a)t+kX+goB)
~ _ A i t—kx) 5| Ai(2kc+Agea) ] _ ‘A‘ ipy  Ai(ot—kx) 5| Li(2ke+Agga)
ut”ot(x,t)_ﬁe [1—‘R‘e ? ]_p—oce"’ e [l—‘R‘e 4 ]
A L A L
_ i(ot—kx+op) [ 4 i(2ke+Agga) | _ | 1 | qi(@t—kx+pp) i(wt+kx+9g)
B gy g g
- C[{cos(a)t—kx+goA)—‘I§‘cos(a)t+kx+goB)}+i{sin(a)t—kx+gpA)—‘I§‘sin(a>t+kx+(pB)}}
Po
Thus:
l. A ~
uw”(x,t):?.C[cos(a)t—kx+(pA)—‘R‘cos(a)t+kx+¢)8)]
ul; (x t):ﬂ[sin(a)t—kXHp )—‘Ii‘sin(a)t+kx+go )}
toti ! pOC A B
I sin (ot —kx + ¢, ) —|R|sin (@t +kx +
{So: ¢, (x,t)=tan™ Yo (X)) _ (@ 7s) U (@ ) ¥
Ugger (X, ) COS(wt—kX+¢A)—‘R‘COS(a)t+kX+(oB)
Hence:
Lt (X 1) = Pt (X,1) U (X,)
~2
A - ~
= C[cos(a)t—kx+goA)+‘R‘cos(a)t+kx+(pB)J-[cos(wt—kx+(pA)—‘R‘cos(wt+kx+goB)}
Po
AZ
= [Cosz(a)t—kx+(oA)—‘|§‘2COSZ(a)'[+kX+(pB)} using: z, = p,C
and:
Lt (1) = P, (X:1)- Uy (%)
~12
A\ ~ ~
=pc_cos(a)t—kx+(pA)+‘R‘cos(a)t+kx+¢8)]-[sin(a)t—kx+(pA)—‘R‘sin(a)t+kx+goB)]
A’ _cos(a)t—kx+goA)sin(a)t—kx+goA)—‘F~€rsin(a)t+kx+goB)cos(a)t+kx+goB)
oz

o —‘Ii‘cos(a)t—kx+¢A)sin(a)t+kx+¢)B)+‘F§‘sin(a)t—kx+(pA)cos(a)t+kx+goB)
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For an observer/listener’s position at x = 0 and setting ¢, =0, A@y, =@z — @, =@, —0=@;
and ‘F?‘ =1 (i.e. a “pure” standing wave), the complex pressure, 1-D longitudinal particle
velocity, specific acoustic impedance, time-averaged sound intensity and active and reactive
components of the instantaneous sound intensity simplify to:

B (X =0,1) = A" [ 1+€"% | = A" [ {1+COS Apy, | +isin Apy, |

L (x=0t)= A gio [1—9”‘/’5‘*} _ A g {1-cosAg,,} —isinAgy, |

UII
ZO ZO
. iISinAg
P =0 = o n ]
BA
~12
L _1~ =0 a1l =0 _"A‘ i
< e (x)>t =3 Pt (X=0,t)- 0, (x = ,t)_lz—osm A@g,
~|2
[ Ilinst [ ‘A‘ 2 2
™ (x=0,t)= Py, (x=0,t)-ub, (x=0,t) :Z—[cos ot —cos’ (ot +Agy) |
(0]
AZ
- _—[cos2 wt —{cos wt cos A, —sin wtsin A(pAB}Z}
ZO
AZ
= ——[cos2 wt —cos® wt C0S* Ag,, +2¢0S wt Sin wt oS Ag,g Sin Ag,, —sin’ wtsin’ A¢AB]
ZO
AZ
= ——[cos2 wt (1—cos2 A@,g ) +2C0S wt Sin ot Cos A, Sin Ag,, —sin’ wtsin? A(/)AB]
ZO
AZ
:-——[EB?W?&$¢LAQML+ZCosaﬁﬂnaﬁcosA¢hBﬁnA¢hB—EFFEWﬁﬂiAg@i}
ZO
A osutsi -
= 22—[cos wtsin wtcosAg,g SinAg,, |

0o
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and:
T (X,8) = P (X,1) Uy (X,1)

A’ [cos wtsin ot —sin (ot + Agg, ) cos(at +Agg,)

Z, | —COS wtsin (@t +Agg, ) +Sin wtcos(wt +Agg, )

~|2 ~
A" | cos wtsin wt —{sin ot cos Agg, +COS wtSin Apg, } - {c0s wt cos Agy, —sin wtsin Apg, |

Z, | —COS@t-{Sin ot COS Agy, +COS Wt SIN Agy, | +Sin ot -{COS Wt COS Ay, —Sin wtsin Apg, |

[ cos et sin ot — cos et sin ot (cos” Ags, —sin” Ay, ) —(cos” @t —sin’ et ) cos Agy, sin Ag,,

Z, | —coSa@tsi A@g, —COS° wtsin Ag,, + COS TSI Ay, —sin® wtsin Agpg,

| cos wt sin wt [1—(cos2 Ay, —sin? A(pBA)] —(cos’ wt —sin® at) cos Agg, sin Ag,,

Z, —(COS2 wt +sin? a)t)sin A@g,

=1 [_2cos atsin wtsin® Ap,, —(0032 wt —sin? a)t)cos A@g, SIN Agy, —Sin AQ)BA]
Z L

If we take the time-averages of the active and reactive components of the above instantaneous
1-D sound intensities, using the fact that <0052 cot>t = <sin2 cot>t =4 and (cosatsinet) =0

we see that:

(T, (),
(17 (x=0,1))

<|”'“st X = Ot>

~2
Ef) (x=0,t)-Gp, (x=0t)=0+|‘A‘ sinAg —IﬁSInA(o
2 tot ' tot Z BA BA

0

<ptotr x=0,t)-ul, (x= Ot> ‘ ‘ [WcosA(p&sinA(pEA}:O v
(Pce (%) Ul (x,1)),

‘A [ ZMSMZ A@g, —(<cos2 a)t>—<sin2 a)t>)cos Ay, Sin Ay, —sin A(pBAJ
2

V\ . . A
e COS APy, SINA@, —SINA@g, |=———SiNA@,,
Z, Z,

If we Taylor series-expand sin Agg, and cosAg;, e.9. about Ag,, =0, i.e.

SINAQ,, =A@y, —(A(pBA)g/SH(A¢BA)5/5!—(A(pBA)7/7!+... ~ A@gp
and:

COS AP, =1 (Mg, ) 214 (Ap, ) [41= (A, ) [614....  ~1—(Agy,) /2
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Then:
mJX=OJ)=A€“-ﬁ+aBA¢M}+EmA¢M]:Aé“[4?+ﬂA¢Mf}+m¢mJ

A i . . A i i ] A o
UtIIOt(X:OJ):Z_e t {l_COSAgoBA}_ISInA(pBA]:z_e t[%(AQaA)Z_'A(/’BAJz_IZ_e "A@ga

0

(x=0)=2 isinAgs, IAQ,, _, 20 Ny, 21,

’ [1_COSA¢BA] i |:1_1+%(A¢BA)2j| i (AgDBA)X ) Aen
Then in the limit Agp,, —0:

I|m {pwt (x= 0,'[)} = Ae'! |:2{1+%(A¢BA)2} + iA(”BA}

Apga

lim @%Jx:oiﬂz=f'“[(Aw%)—4A¢m}

Apgpn—0
PBA o

ZH

atot

Apgpa—0

Apgp—0 0

lim {21, (x=0)} = lim {f’wt( Ot)} 75\9"”( (2+iAp,,)

Al OO0 0| S (Wi
Apgp—0
22, o
<=l wisign{Ag,)
A¢BA Apga—0
Thus, we see that when Ag,, =0,+27,+47,467,...=+n 7 that

20 (x=0)=c0-i-sign{Ap,,} and II™ (x=0,t)=0.

However, when Ag,, =+1r,+37,457,...= +n,, 7 we see that both 2}, (x=0)and I)"™ (x=0,t)=0.

a tot

When A, =£7/2,+37/2,+57/2,...=+m 7 /2 then: Z) , (x=0) = =iz,
and because cos(a)timoddz/z):coswtwisin wtsin(my,7/2)=Fsinwt then:
A A

z

!

Q$%X=QU= [GBQM—Qnﬂm}zz

0 o)

[1-2sin* ot |
Notice that for ‘F?‘ =1, we could have learned about the above two null results directly from:

Ar

| fi | 2ffin 2o g | {1, (), #1102

(T (0), =3 P (00)- 05 (x.8) =2

-17-
©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2002 - 2009. All rights reserved.



UIUC Physics 498POM Physics of Music/Musical Instruments

For an observer/listener’s position at x = 0 and setting ¢, =0, A@z, =@z —@, =@, —0=¢, and
‘Fi‘ =1 (i.e. a “pure” standing wave), this simplifies to:

|A
=i

ZO

2
‘ sin Agg, (n.b. purely imaginary quantity!)

Prot (x=0,t)~l]t“;(x:0,t)

N| =

(T (x=0)) =

We see again that when Ag,, =0,+17,+27,+37x,...= tnz that f;'m (x=0,t)=0 1l Similarly,

we see that it also has a purely imaginary extremum amplitude of i‘A‘Z/pOC = i‘A‘Z/zo when
Apy =17/2,+37/2,£57/2,..=+m 7 /2.

The instantaneous potential, kinetic and total energy densities associated with counter-
propagating 1-D monochromatic traveling plane waves are:

~12
- 7 Pare (X,1) :%‘L‘Z[COS(WI—kX+¢A)+‘F\~)‘COS(a)t+kX+(DB)]2

PoC PoC

Wi;osttl (X’t) =

N |-

~12

A - ~

:%%[cosz(a)t—kx+goA)+2‘R‘cos(a)t—kx+goA)cos(a)t+kx+(pB)+‘R‘2 COSZ(a)t—lrkX—HpB)}
Po

~12

W‘?S‘(x,t)zlp u! (x,t)-u”(x,t)=1ﬂ[cos(a)t—kx+(p )—‘ﬁ‘cos(a)t+kx+go )]2
kin 2 ototr r 2,00(:2 A B
A
:%T[COSZ(cot—kx+gpA)—2‘I§‘cos(a)t—kx+goA)cos(a>t+kx+(pB)+‘F§‘2 cosz(a)t+kx+(p8)}
Po
| | _ A ~2
W (X,t) =W (X, 1)+ W (X,t) = ?[cosz(a)t—kx+(pA)+‘R‘ cosz(a)t+kx+¢>8)]
£o

Again, for an observer’s position at x = 0 and setting ¢, =0, Apg, =@, —@, =@, —0=¢, and
‘Ii‘ =1 (i.e. a “pure” standing wave), these quantities simplify to:

~12
1A
2 p,c
il
Wi (x=0,t) = %?[cos wt —cos(awt + A¢BA):|2
Po

WinSt (X — O,t) —

potl

[ cos wt +cos (et + Agy, )]Z

~12

. : . A -

W (X, 1) =Wy (X, 1)+ W (x,t) = 7 [cos2 wt +‘R‘2 cos? (ot +A¢BA)}
Po
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We see that when: Ag,, =0,£27,+47, 67 N, that since:
cos(@+n,,,7)=(cosd-cosn,,7)F (sm 0 - SitTh; n):cose, hence:
~12 ~12 ~12
W (x=0,t)= 1 ‘A‘ [ coswt +cos (et +n 7[)]2 :—Mcos2 wt Mcos2 wt
potl 2 pocz even 2 pocz p0C2
Ins 1 A
Wi (x=0,t) = E%[COS ot —cos (ot + A(/)BA)T =0
inst |nst inst 2‘ ~‘ 2 Z‘A‘z 2
W (X =0,t) = Wiy (X =0,t) + wr (x:O,t):Rcos ot = e cos” wt
We also see that when Ag,, =£1r,+37,457,...= £n 7 that since:
cos(@+n,,7)=(cosd-cosn,7)F (sin 0 - SRy, T ) =—cos 8, hence:
~2
ins 1 A
wis (x=0,t) = > /‘)0(‘:2 [cos @t +cos(wt £n,,7)] =0
~12 ~12 ~12
Wi (x=0,t) 1 ‘A‘ [ cos wt —cos (ot + Ap )]2 :—Mcos2 wt = Z‘A‘ cos? wt
kin ' 2 pocz BA 2 pocz pOCZ
~12 ~|2
inst |nst inst 2 ‘ A‘ 2 2 ‘ A‘ 2
W (X =0,t) = Wy (X =0,t) + Wy (x:O,t):Rcos wt ?cos wt

The time-averaged potential, kinetic and total energy densities associated with counter-

propagating 1-D monochromatic traveling plane waves are defined as:

~12

A r . ~
<Wp0tl (x)>t = 411 pol Prot (X, t)‘ :%pocz _1+‘R‘2 +2‘R‘cos(2kx+A(pBA)}

~12

A L ~
<wkm(x)>t5%p ab, (xt)f =%p 7| 1+[R[ - 2|R|cos (2x+ A, )|
<Wt0t(x)>tE<Wp°t'(x)>t+<wkm(x)>t %jl?(‘) [ ‘ ‘:| ‘ ‘ [ ‘R‘:l

Note that here, the ratio of the time-averaged potential energy density to the time-averaged
kinetic energy density is not equal to unity for counter-propagating monochromatic plane waves:

[p(xt)f

l ~ ~
<Wpot,(x)>I 4 .C2 [1+‘R‘2+2‘R‘cos(2kx+A¢BA)]

(), Lt [14]R] ~2[Rleos @A)
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Again, for an observer’s position at x = 0 and setting @, =0, Apy, =@; —@, =9, —0=¢;
and ‘F?‘ =1 (i.e. a “pure” standing wave), these quantities simplify to:

2

A
<Wpotl (X =0)>t E%plcz r)tot (X =O't)‘2 =%p CZ [1+COSA(DBA]
~12
A
(W, (x=0)), E%p a, (x= Ot)‘ :%pcz [1-cosAgg,]
< tot(X O)> < potl(x 0)> <ka()(:0)t
~|2 ~12 ~12
1A 1] A A
ch |:1+M}+EF l—M]—F—E
We see that when: Ag,, =0,£27,+47,467,...=£n 7 that:
~12 ~12
11 . 1A A
<Wpo“ (x= 0)>t =777 |Pa (x= O,t)‘2 =§p 7 [1+ cos(inevenzr)] =%
~12
A
(W, (x=0)), z%p i, (x=0, t)‘ :%pcz [1-cos(£n,,,,7)]=0

=0 = =) (-0, - -

We also see that when Ag,, = £1r,£37,457,...= £n 7 that:

~|2
1 1 . 1 |A
(Woog (x=0)) =7 o7 Pa (x=0,t)] = [1+cos(+nyg,7) | =0
~12 -2
1 1|A A
e T U S v 8RRyt

< tot(X O)> < pot|(X=0)>t+<ka(x 0 ‘ ‘

Physically, the real part of the time-averaged complex sound intensity represents a {net/time-
averaged} flux/flow of energy crossing unit area per unit time (n.b. its SI units are Watts/m?).

When the counter-propagating monochromatic plane waves are either precisely in-phase with
each other (Ag,, =0,+27,+47,+67,... = £n,, 7 ) or precisely out-of-phase with each other

(A, = 0,427, +47,+67,...= +n,, ) then for a pure standing wave (‘Ii‘ = ‘BMA‘ =1) e.g. at the
position x = 0, the real part of the instantaneous 1-D longitudinal sound intensity is:

o A
L (x=0,t) = py, (x=0,t)- ut'mr(x:O,t):u[cos2 a)t—cosz(a)t+A(0AB)]:0

o
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For a pure standing wave, there is also no net/time-averaged flux of real energy, since energy
associated with each of the individual counter-propagating monochromatic plane waves is
individually flowing in opposite directions — hence there is no net/time-averaged flow of energy
for a pure standing wave.

However, instantaneously, acoustic energy sloshes back and forth during each cycle of
oscillation (with period 7 =1/ f = 27/w) in the longitudinal direction (i.e. the x-direction / the
propagation direction in this example). In general, the instantaneous flow of acoustic energy has
both real and imaginary components, since the instantaneous complex 1-D longitudinal sound
intensity has both real and imaginary components, reflected in the fact that the complex specific
acoustic impedance associated with counter-propagating monochromatic plane waves also has
both real and imaginary components. The instantaneous sound energy is “stored” locally in the
form of kinetic (u) or potential (p) energy density, however it does not propagate anywhere.

The real and imaginary components of the instantaneous 1-D longitudinal sound intensity are:
A

[cos2 (ot — kx+goA)—‘F§‘2 cos” (ot + kX+¢)B)}
z

Lt (%) = P (1)U, (X,)
(o]
Lot (%)= Py (%) Uy (1)

‘Ar cos(a)t—kx+gpA)sin(a)t—kx+goA)—‘I§‘2sin(a)t+kx+goB)cos(a)t+ kX + @5 )
z

o —‘ﬁ‘cos(wt— kx + @, )sin (ot + kx+¢B)+‘F§‘sin(wt —kx+ @, ) cos(at +kx+ ;)
The instantaneous total energy density (also a purely real quantity) is:

~|2
A

> [cos2 (a)t—kx+¢A)+‘I§‘2 cos” (ot + kx+¢8)}

W (X,t) = w'p”jf, (%, 1)+ Wi (x,t)

Thus we see that, here for the case of two counter-propagating monochromatic plane waves that

(obviously):
I (1) = iy (1) 0

This is (of course) also true for the time-averaged versions of these quantities:

~12
(72, (), = Buc (%) 0 (1) :%%[{1—‘@‘2}+2i‘|§‘sin(2kx+A¢BA)}
~|2
A ~
0, =2 o)

< I (x)>t * c<wtot (x)>t

The reason for this, is of course due to the fact that the complex 1-D longitudinal sound intensity
has a non-zero imaginary component, whereas the energy density is a purely real quantity.
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These relations can be “rescued” only if c itself is a complex, position and time-dependent
3-D vector quantity, €(T,t). Then we would have the complex relations:

[, (F,t)=¢" (F,t)- Wi (F,t) and <|;(r)>t = (E(F)- Wy (7)), =(E(P)). (Wit (7)),
The physical interpretation of real and imaginary components of complex E(F,t) would also

be quite restricted, because we cannot have this E(F,t) connected e.g. to the dispersion relation

c = f 1 =w/k, because frequency f and/or angular frequency @ are always real quantities, and
e.g. for dissipationless/lossless/zero-viscosity media, and for e.g. propagation of plane waves in
“free™ air, this requires real wavenumbers k and/or real wavelengths 1. Hence ¢ = f 1 = w/k
must be purely real for such situations. Hence, E(f,t) physically must mean something else...

it is a tracer of the complex propagational field nature of the sound wave itself, and not of the
local spatial/temporal mechanical pressure/particle velocity aspects of the fluid medium.

For the 1-D situation at hand — i.e. that of counter-propagating monochromatic plane waves,
e.g. for the time-averaged version of this relation, we see that:

(12 (3)), = (€" ()W (x)), = (€ ()), (e (),

%@[{1—‘@‘2}+2i‘Fi‘sin(ka+A¢BA)}=%%[1+‘§‘2}<cll(x)>t
therefore:
1-|R[" L+ 2i[R|sin (2kx+ Ay, )
<5”(X)>t=<Cr(X)>t+i<Ci”(X)>tZC[{ ‘ ‘} [L“ﬁﬂ P }
with:
<c'r'(x)>t_c L“E}Z and: <ci(x)>tCZ‘R‘Sml(f‘kg‘:A%A)

Note that for‘f{‘ =1 (i.e. a “pure” standing wave) for an observer/listener’s position at x = 0 that:

<cﬂ (x= 0)>t =0 and: <ci” (x= 0)>t =CSiNA@g,

<6” (x= 0)>t = <cﬂ (x)>t +i <ci” (x)>t =0+i-csinAgg,

We can also define real, instantaneous and time-averaged scalar quantities that respectively
represent the fractional (i.e. dimensionless) amount of the instantaneous and time-averaged total
energy density (purely real scalar quantities) associated with the real (i.e. propagating) and
imaginary (i.e. non-propagating) components of the instantaneous and time-averaged complex
3-D vector acoustic intensities:
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|nst2 |nst2
f" (1) o (ry and: "™ (F,t) amry

& (rt) & (rt)

with:
() £ () < (P ()
(F,t)+ f™ (7, 1) =" c'”“(Ft)r -1

and:
ey ()
f (7)), =7——7v and: (f(F)), =7—7
< > <‘§(F) >t < > <‘C(f) >t

with:

We hasten to add, that while these quantities may at first sight, seem rather startling, they really

are not.... since: 1™ (¥,t) =" (F,t)-w™ (F,t) and: < (r)>ts<6'(F)>t-<wwt(r)>t,then:
(70 (78 an: (€1(7)), = (T2(F)) /(wa(F)),

R |nst

C r,t E

—ll

and therefore:

st (o or (T 12 (F,t) PN e (1 1¥2 (F,t)
£ (7, ) =— > = — > and: ™ (rt)=— > = 5
ST e T e
with:
£ (F,1) 4 £ (,1) = c'“S‘Z(r t)+¢™ (1) 17 (R + 157N 4
- e (o] L ()
and:
<fr(|—;)> = <C’2(F >t _ <I§r(F)>t and <f|(r)> = <C'2(F)>t _ <I§i(r)>t
(cr), (el (), {Jief)
with:
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For the 1-D situation at hand — i.e. that of counter-propagating monochromatic plane waves,
e.g. for the time-averaged version of these relations, we see that:

<fr”(x)> — <C|r|2(x)>t _ <I§r(x)>t _ {1_‘§‘2}

e o) <‘|:a(x)2>t (-[RF ]+ 4R sin® (200 Agy,)

(), (1209), 4|R["sin? (2Kx + Ay, )

(100), = <‘6| (x)‘2>t _ < i (X)2>t _ {1_@‘2}2 +4[R sin’ (2Kc+ A

and:

with:
(10, + (10 (), = <al>t(;§“j> (), _ <'ar<<x?:>t(1§k>i ) _,
Note that for‘li‘ =1 (i.e. a “pure” standing wave) and an arbitrary observer:s position x that:
(e (x), {12 (%) , (c(x),  {15(x)
frH(X)tE = =0 and: ( ) = == =
< > <‘§|(X)‘ >t < >t < > <‘ ‘> <f 9 >t

<fH(X)> +<f”(X)> _<C”2( )> +<CiH2(X)>t <I§V(X)>t+<|§i(x)>t -1

l.(x)

with:

o,

The physical meaning of the complex quantity R = B/ A= ‘Fi‘e‘“’m used in (all of) the above

formulae for this counter-propagating plane wave problem can also be used to describe various

other types of acoustical physics situations, e.g. interpreting R as the complex acoustic
reflectance associated with a sound wave reflecting off of a surface.

The reflection coefficient associated with the surface is then defined as: 0<R = ‘Iir <1.

If a sound wave is only partially reflected from a surface, then it is either partially transmitted
(with complex acoustic transmittance T and corresponding transmission coefficient

0<T= ‘fr <1) and/or is absorbed by the surface (with complex acoustic absorbance A and

corresponding absorption coefficient 0 < A = ‘Ar <1), since we must have: R+ T +A =1.
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Limiting/Special Cases of Interest:

1.) A single monochromatic traveling plane wave (emitted from a sound source e.g. located at

X = —o0) propagating in the +ve x-direction and reflects, at normal incidence, off of a rigid,
perfectly reflecting infinite plane (located at x = x, > 0), thereby producing a reflected wave

(of equal amplitude) that propagates in the —ve x-direction. This situation physically corresponds
to R= ‘Ii‘eo =+1 at x =X, >0, which has the associated boundary condition

Pren (X=X,,t) = Py, (X=X,,1), i.e. no phase change upon reflection, such that an over-pressure
anti-node exists at x = x, >0:

r)tot(X: Xo’t)z r)inc(X: Xo’t)+ r)refl (X= Xo’t)zzr)inc(xzxo’t)'

2.) A single monochromatic traveling plane wave (emitted from a sound source e.g. located at
X = —o0 ) propagating in the +ve x-direction and reflects, at normal incidence, off of an infinite
pressure-release plane consisting of an air-water interface (located at x = x, > 0), thereby
producing a reflected wave (of equal amplitude) that propagates in the —ve x-direction.

This situation physically corresponds to R = ‘Ii e'” =—1. An air-water interface (viewed from

the water side) closely approximates an ideal pressure-release surface, for which the boundary
condition at the pressure-release surface is P, (X =X,,t)=—p,. (Xx=X,,t) (i.e. a phase change

of 180° upon reflection), such that an over-pressure node exists at x = x, > 0:

ptot(X: Xo't): ﬁinc(xz Xo’t)_ preﬂ (X: Xo’t)zo'

3.) The most general case: A single monochromatic traveling plane wave (emitted from a sound
source e.g. located at x = —co) propagating in the +ve x-direction and reflects, at normal
incidence off of an infinite plane (located at x = x, > 0) of arbitrary characteristics — e.g.

it could be a “passive” surface that is only partially reflecting/partially absorbing (hence ‘F?‘ <1)

and in principle could have associated with it e.g. a frequency-dependent phase shift upon
reflection—z < Agg, (x = xo,a)) < , thereby producing a reflected wave that propagates in the

—ve x-direction. This situation physically corresponds to the most general R = ‘Ii e"“%  |f the

reflecting surface were “active”, it is also possible that ‘F?‘ >1 (1), and depending on the details of

the response of the “active” reflecting surface, the phase shift could be —7 < Ag;, (x =X, a)) <.
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Legal Disclaimer and Copyright Notice:

Legal Disclaimer:

The author specifically disclaims legal responsibility for any loss of profit, or any
consequential, incidental, and/or other damages resulting from the mis-use of information
contained in this document. The author has made every effort possible to ensure that the
information contained in this document is factually and technically accurate and correct.

Copyright Notice:

The contents of this document are protected under both United States of America and
International Copyright Laws. No portion of this document may be reproduced in any manner

for commercial use without prior written permission from the author of this document.
The author grants permission for the use of information contained in this document for private,

non-commercial purposes only.
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