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Supplemental Handout #3 
 

Comments on the Auxilliary Field Relations 

( ) ( ) ( )oD r E r rε= + Ρ
G G GG G G ,  ( ) ( ) ( )1

o

H r B r r
μ

= −Μ
G G GG G G   and Deceptive Parallels 

 
For electrostatics / magnetostatics problem, one must always keep in mind that in order to fully 
specify any vector field ( )F r

G G , both the divergence and the curl of the vector field must be 
known (or specified): 

i.e.  ( )F r∇ =
G G Gi _______ and ( )F r∇× =

G G G _______ 
 
For Electrostatics:    For Magnetostatics: 

( ) ( ) ( )oD r E r rε= + Ρ
G G GG G G    ( ) ( ) ( )1

o

H r B r r
μ

= −Μ
G G GG G G  

( )
( )

( )
( )

( )
( )free TOT bound
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r r r
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ρ ρ ρ
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G G G

G G G G G GG G Gi i i��	�
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   ( )
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( )

( )

( )
( )

1

free bound
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o
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μ
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=

∇× = ∇× −∇ Μ
G GG G
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i.e.  ( ) ( ) ( )Tot free Boundr r rρ ρ ρ= +
G G G   i.e. ( ) ( ) ( )Tot free BoundJ r J r J r= +

G G GG G G  

( ) ( )1
Tot

o

E r rρ
ε

∇ =
G G G Gi     ( ) ( )o TOTB r J rμ∇ =

G G GG Gi  

( ) ( )boundr rρ∇ Ρ = −
G G G Gi     ( ) ( )boundr J r∇ Μ =

G GG G Gi  

( ) ( )freeD r rρ∇ =
G G G Gi     ( ) ( )freeH r J r∇ =

G G GG Gi  
 

But:  ( ) ( ) ( )
 0

oD r E r rε
=

∇× = ∇× +∇×Ρ
G G G G G GG G G

��	�
   ( ) ( ) ( )
 0

1

o

H r B r r
μ

=

∇ = ∇ −∇ Μ
G G G G G GG G Gi i i��	�
  

 Always in electrostatics               Always  
 

 ⇒    ( ) ( )D r r∇× = ∇×Ρ
G G G GG G          ⇒   ( ) ( )H r r∇ = −∇ Μ

G G G GG Gi i  

but ( ) 0E r∇× =
G G G        but   ( )B r∇

G G Gi  (always) 
(in electrostatics) 
 

∴  ( )D r
G G cannot be “just like” ( )E r

G G         ∴  ( )H r
G G  cannot be “just like” ( )B r

G G  
since:      since: 

( ) 0E r∇× =
G G G  because    ( ) ( )o TOTB r J rμ∇× =

G G GG G  

( )E r
G G  is a conservative field, i.e.  ⇒  ( )B r

G G is not a conservative field 

( ) ( )E r V r= −∇
G GG G ; and ( ) 0V r∇×∇ =

G G G  (always)  

( ) 0D r∇× ≠
G G G necessarily (often not!) because ( ) 0r∇×Ρ ≠

G G G (in general). 
 

∴  ( )D r
G G  is not (in general) a conservative field!!!  ⇒ ∃  no Coulomb’s Law for ( )D r

G G !!! 



UIUC Physics 435 EM Fields & Sources I         Fall Semester, 2007       Supp HO # 3        Prof. Steven Errede 

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 
2005 - 2007. All rights reserved. 

2

The differential forms of these relations can be very misleading and confusing / deceptive!!! 
 
In particular: 

( ) ( )   freeD r rρ∇ =
G G G Gi  does NOT mean ( )D r

G G  depends ONLY on ( )free rρ G !!! 

  ( ( )D r
G G  also depends on ( )rΡ

G G  - see below *) 
Likewise: 

( ) ( )freeH r J r∇× =
G G GG G  does NOT mean ( )H r

G G  depends ONLY on ( )freeJ r
G G !!! 

  ( ( )H r
G G  also depends on ( )rΜ

G G  - see below *) 
 
Using the { divergences

     curls } of { , , 
, , 

E D
B H

Ρ
Μ

G GG
G GG }, we implicitly assume the existence of space derivatives.   

 

However, at the interface between { dielectric
magnetic } media, such space derivatives often do not exist!!! 

 

Whenever we have to deal with the interface between two { dielectric
magnetic } media, we must use the 

integral forms of these relations, which are more general: 
 
Electrostatics:     Magnetostatics: 
 

( ) ( ) encl
o o TOTv S

E r d E r da Qε τ ε
′ ′

′ ′ ′ ′∇ = =∫ ∫
G G GG G Gi iv   ( ) ( )1 1 encl

TOTS C
o o

B r da B r d I
μ μ′ ′

′ ′ ′ ′∇× = =∫ ∫
GG G GG G Gi i Av  

Gives: 2 1 interface interface
1

TOT
o

E E σ
ε

⊥ ⊥⎡ ⎤− =⎣ ⎦   Gives: 2 1 interface interface
1 ˆTOT

o

B B K n
μ

⎡ ⎤− = ×⎣ ⎦
& &

G
 

 
( ) ( ) encl

freev S
D r d D r da Qτ

′ ′
′ ′ ′ ′∇ = =∫ ∫

G G GG G Gi iv    ( ) ( ) encl
freeS C

H r da H r d I
′ ′

′ ′ ′ ′∇× = =∫ ∫
GG G GG G Gi i Av  

Gives: 2 1 interface interfacefreeD D σ⊥ ⊥⎡ ⎤− =⎣ ⎦   Gives: 2 1 interface interfaceˆfreeH H K n⎡ ⎤− = ×⎣ ⎦
& &

G
 

 
( ) ( ) encl

boundv S
r d r da Qτ

′ ′
′ ′ ′ ′∇ Ρ = Ρ =∫ ∫

G G GG G Gi iv    ( ) ( ) encl
boundS C

r da r d I
′ ′

′ ′ ′ ′∇×Μ = Μ =∫ ∫
GG G GG G Gi i Av  

Gives: 2 1 interface interfaceboundσ⊥ ⊥⎡ ⎤Ρ −Ρ = −⎣ ⎦   Gives: 2 1 interface interfaceˆboundM M K n⎡ ⎤− = ×⎣ ⎦
& &

G
 

 
( ) ( ) 0

S C
E r da E r d

′ ′
′ ′ ′ ′∇× = =∫ ∫

GG G G Gi i Av    ( ) ( )
v S

B r d B r daτ
′ ′

′ ′ ′ ′∇ =∫ ∫
G G GG G Gi iv  

Gives: ( )2 1 interface 2 1 interface    0⎡ ⎤Ε = Ε Ε −Ε =⎣ ⎦
& & & &  Gives: ( )2 1 interface 2 1 interface 0B B B B⊥ ⊥ ⊥ ⊥⎡ ⎤= − =⎣ ⎦  

 
( ) ( )

S C
D r da D r d

′ ′
′ ′ ′ ′∇× =∫ ∫

GG G GG G Gi i Av    ( ) ( )
v S

H r d H r daτ
′ ′

′ ′ ′ ′∇ =∫ ∫
G G GG G Gi iv  

( ) ( )
S C

r da r d
′ ′

′ ′ ′ ′= ∇×Ρ = Ρ∫ ∫
GG G GG G Gi i Av         ( ) ( )

v S
r d r daτ

′ ′
′ ′ ′ ′= − ∇ Μ = − Μ∫ ∫

G G GG G Gi iv  

* Gives: 2 1 interface 2 1 interfaceD D⎡ ⎤ ⎡ ⎤− = Ρ −Ρ⎣ ⎦ ⎣ ⎦
& & & &      * Gives: 2 1 interface 2 1 interfaceH H M M⊥ ⊥ ⊥ ⊥⎡ ⎤ ⎡ ⎤− = − −⎣ ⎦ ⎣ ⎦  

 
We have derived / discussed these sets of boundary conditions on { , , 

, , 
E D
B H

Ρ
Μ

G GG
G GG } before in previous 

lectures / lecture notes. We simply collected/summarized them here – all in one place. 
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For magnetic media, note that we also have the relations (previously derived in P435 Lecture 
Notes 20, page 8): 

 
     { }Effective bound surface density of magnetic pole strength

interface Effective bound surface density of magnetic chargeˆ    bound
m nσ ≡ Μ =

G
i    

and: 
( ) ( ) { }Effective bound volume density of magnetic pole strength

Effective bound volume density of magnetic charge      bound
m r rρ ≡ −∇ Μ =

JK GG Gi  
 

The SI units of magnetic charge ( )" "mg qv=  = Ampere-meters (= Coulombs*meters/sec) 
 

But: ( ) ( ) ( )bound encl
m mv v v

H r d r d r d Qτ τ ρ τ
′ ′ ′

′ ′ ′ ′ ′ ′∇ = − ∇ Μ = + =∫ ∫ ∫
G G G GG G Gi i  (S.I. Units Amps/m2) 

So: ( ) encl
mv

H r d Qτ
′

′ ′∇ =∫
JK G Gi ?? Huh??? 

 

That’s right!  If ( ) ( ) ( ) ( )0,     and  encl
m mv

r r r r d Qρ τ
′

′∇ Μ ≠ ∇ Μ = − ∇ Μ = −∫
JK G GG G GG G G Gi i i  

∴  ( ) ( ) ( )bound encl
m mv v v

H r d r d r d Qτ τ ρ τ
′ ′ ′

′ ′ ′ ′ ′ ′∇ = − ∇ Μ = + =∫ ∫ ∫
G G G GG G Gi i  

 
Furthermore: 
 

( ) ( ) ( ) ˆ
v S S

H r d H r da H r ndaτ
′ ′ ′

′ ′ ′ ′ ′ ′∇ = =∫ ∫ ∫
G G G GG G G Gi i iv v  

         ( ) ( ) ( ) ˆ
v S S

r d r da r ndaτ
′ ′ ′

′ ′ ′ ′ ′ ′= ∇ Μ = Μ = Μ∫ ∫ ∫
G G G GG G G Gi i iv v  

∴        ( ) ( )ˆ ˆ bound encl
m mS S S

H r nda r nda da Qσ
′ ′ ′

′ ′ ′ ′ ′= − Μ = − = −∫ ∫ ∫
G GG Gi iv v v  

 
This means that an interface between two magnetic media: 
 

 
 
** Shrink height of Gaussian Pillbox to infinitesimally above and below interface. 
 
Then, only the top and bottom surfaces of the Gaussian Pillbox contribute to the surface integral: 
 
Gives:  2 2 1 1 interface 2 2 1 2 interfaceˆ ˆ ˆ ˆ mH n H n n n σ⎡ ⎤ ⎡ ⎤+ = − Μ +Μ = −⎣ ⎦⎣ ⎦

G G G G
i i i i  

But: 1 2ˆ ˆ ,   n n= − ⊥  to interface. 
 
∴    2 1 interface 2 1 interface interfacemH H σ⊥ ⊥ ⊥ ⊥⎡ ⎤ ⎡ ⎤− = − Μ −Μ = −⎣ ⎦ ⎣ ⎦  !!! 
 

Equivalent surface magnetic charge density! 


