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Supplemental Handout #2

EIGHT MORE EXAMPLES OF SERIES SOLUTIONS TO LAPLACE’S EQUATION
V¥ =0

1* Example:
Solve Laplace’s equation for infinitely long rectangular box: 2 sides at ground, 2 sides at V7, V5.

NOTE: Problem has no z-dependence. = This is a 2-D problem in rectangular coordinates.

2 2
Lo'X 10

5 V(x, V¥V =0= — +—= -
y (x) X ox* Yo
y=h r=0 V(xy)=Xx) Y(y)
¥ use separation of variables — try product sol’'n
V=", V="
y=0 *
x=0 V=0 x=a
1 d*X 1 d°Y
~ o S ?a’ > = constant = C
X y
LHSl depends RHS depends
only on x only on y
d*X a’y
gx)—CX(x)=O and (Zy)+CY(y)=0
dx dy

(Dirichlet) boundary conditions:

)@y=0 V(x,0)=0 0<x<a V(x,0) = V(x,b) = 0 implies that we need
2Y@y=>b V(x,b) =0 0<x<a Y(y)-solutions of the form: Y(y) ~ sin ay

3@x=0 Voy)=V, 0<y<b
4 @x=a Vay)=V> 0<y<b

If Y(y) ~sinoy then B.C.1) V(x,0) =0 is automatically satisfied.

sz(y)

Then: e +CY(y)=0 = —a’sinay+Csinay=0 L C=a’
Y
X 'y
So: gx)—azX(x)=O and (Zy)+a2Y(y)=0
dx dy
Now impose B.C. 2): WV(x,y=5b)=0 1e. sinab =0 =ab=nr, n=1273,...
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o= %, n=12,3.... (n =0 is trivial solution - i.e. V(x,y)=0 everywhere — useless!)

So both boundary conditions #’s 1) and 2) are satisfied by sm( 5 j functions for y.

—dZng)—azX(x):O a=—

Then:
dx b

*Tax

Solutions for the X(x) differential equation are e~** type functions: X (x) = Ae ** + Be™™*

Plug this back into X(x) differential equation and explicitly check if satisfied:
+a’ de” ™ +a’Be ~| &’ de " +a’Be™ | =0 (yup!)

Then the most general solution (which also satisfies these 2 boundary conditions) is of the form:

V(x,y) = i(“lne_b +Bne+z{jsin%, n=12,3,....

n=1
Now impose B.C. 3): @x =0 v(0,9)=V, =Zw:(An+Bn)sinijy

n=1

and integrating

Determine the coefficients 4, and B, by multiplying above relation by sin P by

pry

over 0 <y <b. Because of orthogonality properties of sin , only the 4, and B, terms will

survive!

y=b pry pry nwy pry
,[y, V(0,y)sin+— . dy = '[ V1 sin &= . dy = '[ ZA+B )sin—— . SHT

constam n=l

N y=b Yy . DRy
Z{(A +B )J. ) sstm . dy}

j Sll’l

k j n=1 (1_ J
\/ e
2b . . b .
=— if p = odd integer =—ifp=n
p7r 2
= 0 if p =even integer =0ifp#n
2 4 .
260 b(A +B ) or: (Ap+Bp)zﬁ for p = odd integer
pr 2 pr
for p = odd integer only =0 for p = even integer
2 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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. < - 2 i
Now impose B.C. 4): @x=a V(a,y)=V,= Z(Ane b +Be * jsmTy
n=1

pry

Multiply by sin , integrate over 0 <y < b to project out p” components:

nra nra
b

=b =b =b & +24
yy:O V(a,y)Siinﬂydy = J;io V, sin pZy dy = I::O ;[Ane > +Be ]sianysiinﬂy

J~,v=b . nﬁysinpﬁydy

[ sin 2T gy = Y e
= VZL sin 5 dy = ;(Ane +B.e J p S
\ J X v AN y
2b b .
=— for p odd all constants! =—0,, 6, =lifp=n
pr 2
= 0 forpeven =0ifp#n
_pma pra A
Ae " +Be » =—2 forp= odd integer
pr
=0  for p = even integer
aid
From B.C. 3) we found: A,+B,=— for p odd
pr
=0 for p even

We have 2 equations and 2 unknowns (4, + B,). Solve simultaneously to get:

pra \\
Vo, b
A = A | hzhe © p = odd integer

P 2pra
pr -0
l-e °

_pra _pma >>

b _ b
B = de Vamhe (4,=B,=0 for p even)

P 2pra
b7 -
l-e *

J

nra

© 4 |V -V b _nax B nr(a—x) . ‘ .
Vix,y)= Z— 4758 e he v LsinY) valid solution for inside of box.
n=1 N7T b

2nma

b

l-e
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2" Example: Laplace’s Equation in Rectangular Coordinates

Hollow, Rectangular Box, Five Sides @ Ground, Top @ V(x,y)

This is a 3-D problem: V¥ (x,y,z)=0 inside/outside box

Vxy)

I=b

2> Y
=0
X
(Dirichlet) Boundary Conditions:
H@x=0 V(0,y,2)=0 H@x=a May,z)=0
2)@y=0 V(x,0,2)=0 S Y@y=>b V(x,b,z2) =0
3)@z=0  V(x,0=0 ) @z=c  Vxy,0)=Vxy)

Use separation of variables technique - try product solution of the form: V(x,y,z) = X(x) Y(y) Z(z)

2
Then: V?V =0—> ! dX—(x):—oz2

X(x) dx*
L dYG)
O
1 dzZ(z)_ 2 2 5
Z(z) dz* sr=atp

B.C.1) —» X(0)=0 X(x) ~ sin o
B.C.2) - Y(0)=0 Y(y) ~ sin By

B.C.3) — Z(0)=0 — Z(z)~ sinhyz = sinh(\/a2+ ﬂzz)

B.C.4) — X@)=0 — a="%, n=1,2,3,...
a

B.C.5) — Y(b)=0 — ﬂ:%, m=1,2,3,...

1l

4 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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2
G GRS
a b
- nx mm nrY (mrY
. General solution for V(x, Vv, z) = Z A sin (—xj sin (7 yjsinh \/(—j + (—j z
n,m=1 a a

b
Last boundary condition 6):
surface of box.

Fall Semester, 2007 Supp HO #2
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V(x,y,c) = V(x,y) < some arbitrary potential (unspecified) on top

o) 2 2
- 5 (5o 5o (T B

a

Double Fourier Series

Multiply above relation by sin ( prY j sin ( qzy j and integrate overJ.xzoa dxj.yzj dy to project out the
a x=0  Jy=

1 . . . . nrw
p, g term (i.e. use orthogonality properties of sm(

—j etc. to obtain 4,,, coefficients):
a

a b . X . T

jo jo V(x,y)sm(p jsm(qbyjdxdy

a

© 2
= Z A, sinh (Mj J{@j I I sin (ﬂ xj sin (m_ yj*sm (ﬁ x] sm( jdxdy
n,m=1 a b a b b

a

For p or (and) ¢ even integers: =0
For p or q both odd integers: = (%j (gj 0O

, lfor p=n lforg=m
Kroenecker delta-functions: 6 = 5q =

"o 0forp#n|’ 0 for g = m
Thus:

2 2
I I x,¥) mn(pﬁxjsin(qﬂyjdxdy:APq (ﬁj(é] sinh \/{p—ﬂj +(ﬂj ¢ (for p, g both odd ints)
a b 2)\2 a b

= 0 for p or (and) g even integers.

Ioaj:V(x,y)sin(pﬁxjsin(qzyjdxdy
a2 2 for p and q both odd integers.
T )

a
Apy =0 for p or (and) g even integers.

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 5
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Suppose V(x,y) =V, on top surface of box.

J.HJ.bV sin| 27 x |sin —y dxdy
4 0do ? a b
Then 4, =| — |*

ab 7\’ 7\’

sinh\/(pj J{q) c
i a b
{i)(ﬁj{%} y,
ab )\ pr )\ qr 2 2
o J(P”j (=)
a b
4, = 16V02 12 = for p and g both odd integers,
pqr
sinh\/(p”) +[q”j c
a b
Apq = 0 for p or (and) g even integers.
T neY (mr)
Then V x V. Z Z A4, ( x]sm(p yjsinh\/(—] +(—J z
n,m=l1 b a b

0 2 2
V(x,y,z)= z 16V, sin(ﬂxjsin(@y)sinh\/(ﬂj +(%j z

n,m=1 2 . \/(n;z’}z (mﬂ-jz a b a b

nmr”sinh, || — | +| —
a b

Summation is over  n = odd integers
only!!

for p and q both odd integers.

m = odd integers
Suppose all SIX sides of box have potentials # 0!!
Then V(x,y,z) =V + Vo +V3+V4+Vs +Vs where V; (i=1, 2, . . . 6) represents solution for V(x,y,z)

for that surface - i.e. make linear superposition of six particular solutions (one for each surface) to
generate solution for this 3-D problem.

6 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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3" Example: Laplace’s Equation in Rectangular Coordinates
Cubical Box, Sides at ground, Top at +V,, Bottom at —V, Origin at Center of Box.

Note spatial reflection symmetry of problem is
Evenunder: x— —x and y — -y
Odd under: z — —z

= even functions for x, y (i.e. cosines) but need odd function for z: (i.e. sines)

General solution of V*V =0 is of the form:
(Again, use separation of variables technique: V(x,y,z) = X(x)Y(y)Z(z))

V(x,y.z)= i A, cos(a,x)cos(f,y)sinh(y,,z) where a,+p.=y.,

n,m=1

B.C. 1): V(J_r%,y,z) =0= i A, cos(ian %)cos(ﬁ’my)sinh(;/nmz)

n,m=1

nr nr
—+a L/ ="" = q === for n=odd integers
A > T g

Similarly:

B.C.2): V(x,i%,z) =0= i A, cos(anx)cos(ﬂm (ir %))sinh(ynmz)

n,m=1

mr mrm .
=4, % = =0, = v for m = odd integers

All 4, =0 with n or (and) m = even integers

2 2
s o2 2 nx mr
a+pi=y. = — |+ —| =
n ﬂm 7’1"1 \/( L) ( L j ]/nm

B.C. 3): {top, bottom}

V(x, y,i%) =tV = n;l A cos(anx)cos(ﬂmy)sinh(]/nm (i %)) for n, m both odd integers

Double Fourier Series in x and y

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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+1 +1
Multiply both sides of above relation by cosa ,xcos f,y and integrate from I 7 I 7 *dxdy

V J+L/J+L/cos(—xjcos( I jdxdy
= Z A, sinh(;/nm (_ /))rL/rL/ cos (—xj cos (%y} cos(%x} cos(q? yJ*dxdy

=1l 2Lz =4, sinh| y ( £j (éj(éJdn o, for p and q both odd integers
pr )\ g 2) 0 \2)\2) """ ™

f

4 = 16V, | nm P (mxY

R R— Y ) e
pqizsmh(}/pq (—A))

n.b.  cancel each other — sinh(x) (like sin(x)) is an odd fen(x)!!!

16V,

pqr’ sinh(}/pq %)

© 2 2
nrw nrw . nw mnr
V(x,y,z)= Y. 4,,cos (—xj cos (—y)smh \/(—j + (—) z
~, L L L L
n,modd
integers
only

where: 4 = 167,

B nmz’ sinh(ynm %)

So that: qu =

for p and q both odd integers

for n and m both odd integers

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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4™ Example: Laplace’s Equation in Cylindrical Coordinates
Two long coaxial conductors of radius a & b (b > a), charged to potentials V,, V), respectively.

Find potential V" and electric field intensity £ in between cylinders

Note: This is a two dimensional problem (has no z-dependence).

B.C’s 1) V(r=a)=V, Ve

D) ¥(r=b)=, f‘
Note that V" also has no ¢-dependence!

Try production solution of the form: ¥ (r,¢)=R(r)0(9)

Solutions to Laplace’s Equation V?V = 0 for 2-D circular-type problem are Zonal Harmonics.

General solution is of the form:
V(r,p)=V,+V,Inr+ i[Anr” cos(ng)+ B,r " cos(ng)+C,r" sin(np)+D,r" sin(ngo)]
n=l1

Since this problem has no p-dependence, = series in sines and cosines have all coefficients = 0!!

Then solution for this problem is of the form V (r,) =V, +V,Inr

Impose boundary conditions to solve for V, & V] :
1) @r=a: V(a,p)=V,+V,Ina=V,
2) @r=>b: V(b,p)=V,+V,Inb=V,
Thus: ¥, Ina—V,Inb=V, —V, or: Vl(ln(%))zVa—V;, =V, =[1,-1,]/m(%)
Vo=V,—(V,-V,)Ina andthus V(r,p)=V,+V,Inr

ives: V(r,go)zV—wlna+wlnr < valid for a<r<b

) m(%)

Then: E(f):—W(f):_W(w):_gy(w),;:_[l?(;/%)]
b

Noting that V>V, and b>a

V.-V
On inner surface (ﬁ:+f); p :_‘90( b a)

ree aln ( % )

outer __ 80 (I/b - Va)

O fiee = +W

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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5t Example: Laplace’s Equation in Cylindrical Coordinates
Cylinder of Radius a, Length L, Top Surface at Vj, Bottom & Sides at Ground.

V¥V (p,9,z)=0 in cylindrical coordinates.
Try product solution of form: V (p,¢,z)=R(p)0(¢)Z(z)

Solve for V' (p,¢,z) inside “can”.

n.b. Origin is included, and p =o0is excluded.
Since there are no charge(s) at o =0 = require

potential V' ( p,¢,z)to be finite at p=0.

.. General Solution (for this problem) is of the form:

V(p,p,z)= f J, (k,,p)sinh(k,z)[A4,, sinmp+ B, cosmg]
m=0
n=1

where the J, (x

) are Bessel functions of the 1% kind, of order m,

mn

and x,, =k, p, n=12,3,...The x,, are the roots (i.e. zeroes) of J,, (x,,) = 0.

(Note that the Bessel functions of the 2" kind N, (x,,, ) (= Neumann functions) are not allowed

because these functions are singular (i.e. infinite) at p=0.)

B.C. 1): Potential vanishes atp=a: V(p=a,p,z)=0
B.C. 2): Potential = Vyat z = L: V(p,p,z=L)=V,

V(p.p,z=L)=>YJ,(k,,p)sinh(k,,L)[A,, sinmp+B,, cosmp]

0
m=0
n=1

= Fourier Series in ¢ and Fourier-Bessel Series in p.

Multiply above equation by sin pg and J, (k on p) , and integrate over Jozﬁ do I: pdp

2cosech (k,, L) ¢2r | ca : 4 _
_ ) '[0 d(gj.o pdpV (p.e),, (k,.p)sin(mp)| (Note: Ao, =0 for m = 0.)

mn

Obtain: |4, =——
ra’J,

m+1

And:

_ 2cosech(k,

mn 2 72
a Jmﬂ(k

m

nL) 2 a (Note: for m =0 use
na) IO dCDJ-O pdpV (p,p), (kmnp)cos(m¢) Y By, as given here.)

10 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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6" Example: Laplace’s Equation in Spherical Coordinates
Initially uncharged conducting sphere (radius, @) placed in uniform electric field E = Ezz:

S 2
:\\ ///,_:
——

>

Note that this problem has azimuthal symmetry (i.e. no ¢ -dependence).

.. Generalized Legendré Equation — Ordinary Legendré Equation

B" (cos@) withm =0 — P, (cos0)

V(r.0,p) > V(r,0) Zonal Harmonics
External Field £ =E:Z (Initially Uniform)
B.C.1): Atr— oo E(r,0,¢)=E02 but: E=-VV

Then: V (r — 0,0, go) =—FE,z+constant where: z=rcosé
=—E,_rcos + constant

=—E,rP,(cos 0)+ constant

If the conducting sphere is initially uncharged, then after being placed in external E -field, it will
(still) have net charge = 0.

.. B.C.2): V(r=a,0,p)=0 surface of conducting sphere is at 0 volts (an equipotential).

General Solution for V(r, 9) in spherical polar coordinates, for no ¢ -dependence is of the form:

V(r,0)= i{Anr" + B, ""1P, (cos )

n=0

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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At r=a, B.C. 2) on surface of sphere is such that:

V(r,0)= i{Aﬂa" +Bna_(”+”}Pn (cos@)=0
n=0

Multiply above expression on both sides by P, (cos 6’) and integrate over —1<cos@ <+1:

J:+11{Ana" + Bna‘(nﬂ)}]-’n (cos 6) P, (cos H)d (COS 0) =0

Now: J‘jl P, (cos@)P,(cos8)d(cos)= 8, < orthogonality condition P, (cos0)

2m+1

A+ Ba )2
2m+1
"B =—A4 a""

m

Now for  — oo, must have uniform E-field and potential V' (r,0)

V(r—,0)=—Eyrcos@=—EyF (cosb)
but: V' (r —>,0)= i{Anr" +B " }Pn (cos®)

n=0

". All terms in this series other than n = 1 must VANISH!!!

Then: V (r — 0, 9)= (Alr+B]r2]Pl (cos0)

k) vanishes as r — o

Then if 4, = —E, since B, =—A a*"*'then form=1, B, = —Aia° = +Eya’

w Ai=—Ey. All4,=0forn#1.

2 3
r r r

3 3 3
V(r,9)=—E0rcos¢9+Eow=—Eo [l—a—jrcose=—Eo (1—[2} ]rcos@

Now E =-VV
3
" Erz—a—V=E0(1+2i3jcos<9
or r
1oV a’
E, =———=—-FE | 1——|sin@
o0 0( r3j

The surface charge densitya(r =a,0, (p) on the surface of sphere can be obtained via the relation:

o=¢k, =¢g,E, (by Gauss’ Law for E)

surface .

B 6(r =a,0, (p) =3¢,E, cos@ (Note: ohas no explicit ¢-dependence due to azimuthal symmetry)
Note also that this problem is also equivalent to a point electric dipole of strength p = 47¢,E,a’

located at the origin (i.e. center of the sphere) in an externally-applied electric field E = E,z.

12 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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7™ Example: Laplace’s Equation in Spherical Coordinates
Two Conducting Hemispheres at £V

Problem has no ¢ -dependence (azimuthally symmetric) Boundary Conditions:
+V, for0<0<%

Note problem is odd when change z — —z: V(r=a,9)=

.. We will find that only odd P, (cos&) will work -V, for 2<0<rx

General solution for V?V =0 in spherical coordinates
(for problems with no explicit ¢ -dependence):

0

V(r,0)= Z[Anr" +B " }Pn (cos)

n=0
Inside spherical shell: (r < a)

V (r,0) must be finite! — All B, =0 inside (r <a)

V,(r,6)= iAnr”Pn (cos0)

n=0 x
) +, 0<0<7)
B.C. atr=a: V,(a,0)=) A4,a"P,(cosf)= and
n=0
-V, % <0<r

Multiply above expression on both sides by P, (cos @), integrate over J_ll d(cosd):

gAnan j_llf:z (cos@)P, (cosO)d(cosb)=-V, .[_O] P, (cos0)d (cos&)+ I/OIO1 P, (cos0)d (cos8)

iAna".[l P, (cos@)P, (cos@)d(cosO)=V, .[1

°Jo

P, (cos0)d (cos8) —J._Ol P, (cos@)d (cos8)

- N - N ~
= 2 S, = 0 (for m = even integers)
2m+1

(m—l

)

:(_lj 2 odd int)
2 (’"HJV
=

{Obtained using Rodriguez’ Formula
for the P, (cos 0) }

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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A,

|

m

NERTE
2m+1

(m-1)

(n-)

ljz (m—2)!

for m = odd integers

o

2 2

_y (_ljz (2m+1)(m—-2)!

m(m+1j
a"| ——|!
2

for m = odd integers

A, = 0 for m = even integers.

v, (n0)=3 Vo(—%]@ (2”“)(”‘2)”(1jnp (c0s0)

n=odd
integer

n

a

2(”“)!
2

re.|V.

mn

a a

(r,0)=Vo(%(zjﬁ(cosﬁ)—%(zjP3(cosH)+%(£TPs(cosl9)+..}

a

n+l

For r> a, simply replace (Lj in above expression by (3) ("
a r

Then:

0
Vour (r ’9) = 2 v,
n=odd
integer

(_;)U) (2n+1)(n—2)!!(£)"+1 P (cost)

2n+1! r
2

Can also easily see that

V.

in

radial boundary of sphere (i.e. on a radial trajectory)!

14

Prof. Steven Errede

(r=a,0)=V,,(r=a,0)- iec. the potential is continuous across the

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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8" Example: Laplace’s Equation in Spherical Coordinates
The Double Spherical Capacitor.

This problem has V=0 T z
azimuthal symmetry
(i.e. no ¢ -dependence) +Vo
m
b
V=0 We want to find V inside
(a <r< b)
+Vy

B.C’s
@r=a V=1V, oses%

V=0 Z<o<n

2

@r=b: V=0 0<0< %

V=1V, Z<o<n

2
General solution is of the form: V' (r,3) = Z[Anr” +B }Eq (cosd)
n=0
In the region a <r <b we have (note: the origin and » = oo are both excluded in this problem):
_ < (n+1) L Osasg

@r=a: V(a,0) —MZ_(;[Aa +Ba }F;(cosﬁ)—{o e

@r=b: V(b,g) = i[Anbn +Bnb—(n+1) }ﬂ (COS 9) :{ 0 ogasg

n=0

To determine the coefficients 4, and B,, multiply above expressions on both sides by P, (cos8),

1
integrate over .[ d (cos @) to project out m™ term:

r=a i[Ana” +Ba " ]J. P, (cos@)P, (cos)d (cosd)= J: V,P, (cos8)d(cosb)
n=0
r=b: i[ Ab"+B b ] 1 P, (cos0)P, (cos0)d (cos ) = IO V,P,(cos8)d(cos8)
n=0 \] _/ -l
b
=—9, (0, =1for n=m,=0 for n#m)
2m+1
©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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J. cosé’)d cos&’)—l for n=0

{_3 (n;l)

=0 forn=2,4,6,8, ... even integers

forn=1,3,5,7, ... odd integers

S (m=2n
r=a: [A a"+B a‘(’””)] 2 = L ( ’ )(m—z)V <« for m >0, m odd integers only
" " 2m+1 (m-ﬁ-lj' o
-
) (m-2)1
(m+1j
2

for m=0: Am, By =0form=2,4,6,8, ... even integers

r=a: A0+lB le

a ' 2"
1 1
r=b: A0+ZBOZEVO BO:O—)AO:—

form=1:

V. « for m >0, m odd integers only

R R
m

r=a:. Aa’ +B, :§a3VO
4

2 2
r=b: Ab’+B = —§b3V0 A_, A =§(ﬂJVo, B = —iazszO [‘;_erJ
4 4 a —

4\ o’ -b’ b’
form=3
r=a. Aa +B,=—-—V,a*
7. N\ 7 (a*+b* 7 a+b
r=>b A3b7+Ba__Vob ASZ_E[J—H Vo B3_Ea4b4Vo a —b
In general:
(me)t +1 +1
-1 2n+1 " &
An:( ) (1 " )VO( C; 1+b2 1] forn=1,3,5,7, .... odd integers
2n+ a n+ -b n+
(-1)" (2n+1) a" b 1
B" = 2n+l I/O( 2n+1 b2n+lja 1b 1 AO =EI/0’ BO =0

A,=B,=0 forn=24,6,8, .... even integers
and where (—1)("+1)” = (—1)('M)("_l)("_3)"'1 =+1,ie.+1 forn=1,-1 forn=3,+1 forn =75, etc.
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v (r,0)= i[Anr” +B,r "V [P (cos )

n=0

+1 +1
an + bn
a2n+l _b2n+l

(_1)(n+1)!! (27’1 n l)V

2n+l "o

=% Y

n=odd

V(r,@)

1
2t

;

a' +b"

[

_ nl! n+lg n+l
+( 1) (2n+1)a b

2n+1 4 (Clan _b2n+1

] ) } P, (cos8)

—V,
16

Note that if b — oo, then:

1 3 aY 7 a
V(V,G)ZEVO +ZVO(;] R(COSH)—EVO(;j

If a — 0, then:

V(r,@):%VO >

/

Average value of potential seen at » =0 (or 7 = o also)

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois

P, (cos @)+

7 3
+ZV0 (%) R(cos@)—EVO (%) P, (cos@)+.

Potential outside
two hemispheres held
at potentials V%, 0.

Potential inside
two hemispheres held
at potentials V%, 0.
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