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Supplemental Handout #2 
 

EIGHT MORE EXAMPLES OF SERIES SOLUTIONS TO LAPLACE’S EQUATION 
2 0V∇ =  

1st Example:  
Solve Laplace’s equation for infinitely long rectangular box: 2 sides at ground, 2 sides at V1, V2. 
 
NOTE:   Problem has no z-dependence. ⇒This is a 2-D problem in rectangular coordinates. 
 

ŷ    V (x,y)   
2 2

2
2 2

1 10    0X YV
X x Y y
∂ ∂

∇ = ⇒ + =
∂ ∂

 

 
     y = b  V = 0    V (x,y) = X(x) Y(y) 
       use separation of variables – try product sol’n 
   V = V1       V = V2 
        
    y = 0     x̂  

x = 0  V = 0  x = a 

      
2 2

2 2

LHS depends RHS depends  only on    only on 

1 1 constant

x y

d X d Y C
X dx Y dy

= − = =  

( ) ( )
2

2 0
d X x

CX x
dx

− =   and ( ) ( )
2

2 0
d Y y

CY y
dy

+ =  

 
(Dirichlet) boundary conditions: 
 
1) @ y = 0 V(x,0) = 0 0 ≤ x ≤ a V(x,0) = V(x,b) = 0 implies that we need 
2) @ y = b V(x,b) = 0 0 ≤ x ≤ a Y(y)-solutions of the form: Y(y) ~ sin αy 
 
3) @ x = 0 V(0,y) = V1 0 ≤ y ≤ b 
4) @ x = a V(a,y) = V2 0 ≤ y ≤ b 
 
If  Y(y) ~ sin αy   then B.C. 1)     V(x,0) = 0 is automatically satisfied. 
 

Then:  ( ) ( )
2

2 0
d Y y

CY y
dy

+ =   2 sin sin 0y C yα α α⇒ − + =   2   C α∴ =  

 

So: ( ) ( )
2

2
2 0

d X x
X x

dx
α− =   and ( ) ( )

2
2

2 0
d Y y

Y y
dy

α+ =  

 
 
Now impose B.C. 2):    V(x,y = b) = 0 i.e.  sin αb = 0  ,    1, 2,3,....b n nα π⇒ = =  
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   ,    1, 2,3....n n
b
πα∴ = =  (n = 0 is trivial solution -  i.e. V(x,y)≡0 everywhere – useless!) 

So both boundary conditions #’s 1) and 2) are satisfied by sin n y
b
π⎛ ⎞

⎜ ⎟
⎝ ⎠

 functions for y. 

Then: ( ) ( )
2

2
2 0

d X x
X x

dx
α− =   n

b
πα =  

 
Solutions for the X(x) differential equation are xe α± type functions: ( ) x xX x Ae Beα α− += +  
 
Plug this back into X(x) differential equation and explicitly check if satisfied:
 2 2 2 2 0x x x xAe Be Ae Beα α α αα α α α− + − +⎡ ⎤+ + − + =⎣ ⎦  (yup!) 
 
Then the most general solution (which also satisfies these 2 boundary conditions) is of the form: 

( )
1

, sin ,    1, 2,3,....
n x n x

b b
n n

n

n yV x y A e B e n
b

π π π∞ − +

=

⎛ ⎞
= + =⎜ ⎟

⎝ ⎠
∑  

Now impose B.C. 3): @ x = 0 ( ) ( )1
1

0, sinn n
n

n yV y V A B
b
π∞

=

= = +∑  

 

Determine the coefficients An and Bn by multiplying above relation by sin p y
b
π  and integrating 

over 0 ≤ y ≤ b.  Because of orthogonality properties of sin p y
b
π , only the Ap and Bp terms will 

survive! 

 ( ) ( )10 0 0
1constant

0, sin sin sin sin
y b y b y b

n ny y y
n

p y p y n y p yV y dy V dy A B
b b b b
π π π π∞= = =

= = =
=

= = +∑∫ ∫ ∫  

 

( ){ }1 0 0
1

sin sin sin
y b y b

n ny y
n

p y n y p yV dy A B dy
b b b
π π π∞= =

= =
=

= = +∑∫ ∫  

 
2b
pπ

=  if p = odd integer   
2
b

=  if p = n 

 =  0   if p = even integer   =  0  if p ≠ n 
 
 

( )12    
2 p p

bV b A B
pπ

∴ = +  or: ( ) 14
p p

VA B
pπ

+ =  for p = odd integer 

   for p = odd integer only        = 0  for p = even integer 
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Now impose B.C. 4):  @ x = a ( ) 2
1

, sin
n a n a

b b
n n

n

n yV a y V A e B e
b

π π π∞ − +

=

⎛ ⎞
= = +⎜ ⎟

⎝ ⎠
∑  

Multiply by sin p y
b
π , integrate over 0 ≤ y ≤ b to project out pth components: 

( ) 20 0 0
1

, sin sin sin sin
n a n ay b y b y b

b b
n ny y y

n

p y p y n y p yV a y dy V dy A e B e
b b b b

π ππ π π π∞ − += = =

= = =
=

⎛ ⎞
= = +⎜ ⎟

⎝ ⎠
∑∫ ∫ ∫  

2 0 0
1

sin sin sin
n a n ay b y b

b b
n ny y

n

p y n y p yV dy A e B e dy
b b b

π ππ π π∞ − += =

= =
=

⎛ ⎞
= = +⎜ ⎟

⎝ ⎠
∑∫ ∫  

 
2b
pπ

=   for p odd  all constants!     
2 pn
b δ=  pnδ  = 1 if p = n 

 =  0   for p even              = 0 if p ≠ n 
 

24    
p a p a

b b
p p

VA e B e
p

π π

π
− +

∴ + =  for p =  odd integer 

              = 0 for p = even integer 
 

From B.C. 3) we found: 14
p p

VA B
pπ

+ =   for p odd 

       = 0   for p even 
 
We have 2 equations and 2 unknowns (Ap + Bp). Solve simultaneously to get: 
 

1 2
2

4

1

p a
b

p p a
b

V V eA
p

e

π

ππ

−

−

⎛ ⎞
−⎜ ⎟= ⎜ ⎟⎜ ⎟−⎝ ⎠

  p = odd integer 

2 1
2

4

1

p ap a
bb

p p a
b

V V eeB
p

e

ππ

ππ

−−

−

⎛ ⎞
−⎜ ⎟= ⎜ ⎟⎜ ⎟−⎝ ⎠

  (Ap = Bp = 0  for p even) 

 
( )  

1 2
2

1

4    ( , ) sin
1

n a
n a xn xb

b b
n a

n b

V V e n yV x y e e
n b

e

π
ππ

π

π
π

− −∞ − −

−=

⎧ ⎫⎧ ⎫−⎪ ⎪⎪ ⎪∴ = +⎨ ⎬⎨ ⎬
⎪ ⎪⎪ ⎪⎩ ⎭−⎩ ⎭

∑   Valid solution for inside of box.  
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2nd Example:  Laplace’s Equation in Rectangular Coordinates 
 
Hollow, Rectangular Box, Five Sides @ Ground, Top @ V(x,y) 
 
This is a 3-D problem:     ( )2 , , 0V x y z∇ =  inside/outside box 

 
(Dirichlet) Boundary Conditions: 
 
1) @ x = 0 V(0,y,z) = 0  4) @ x = a V(a,y,z) = 0   
2) @ y = 0 V(x,0,z) = 0  5) @ y = b V(x,b,z) = 0  
3) @ z = 0 V(x,y,0) = 0  6) @ z = c V(x,y,c) = V(x,y) 
 
Use separation of variables technique - try product solution of the form:  V(x,y,z) = X(x) Y(y) Z(z) 

Then: 
( )

( )2
2 2

2

10
d X x

V
X x dx

α∇ = → = −    

                  
( )

( )2
2

2

1 d Y y
Y y dy

β= −  

                  
( )

( )2
2 2 2

2

1 d Z z
Z z dz

γ α β= = +  

 
 
B.C. 1)  →  X(0) = 0   →   X(x) ~ sin αx 
B.C. 2)  →  Y(0) = 0   →   Y(y) ~ sin βy 

B.C. 3)  →  Z(0) = 0   →   Z(z) ~ sinh γz = ( )2 2sinh zα β+  

B.C. 4)  →  X(a) = 0   →   n
a
πα = , n = 1, 2, 3, . . . 

B.C. 5)  →  Y(b) = 0   →   m
b
πβ = , m = 1, 2, 3, . . . 
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2 2
2 2    n m

a b
π πγ α β ⎛ ⎞ ⎛ ⎞∴ = + = +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

∴  General solution for ( )
2 2

, 1
, , sin sin sinhnm

n m

n m n mV x y z A x y z
a b a b
π π π π∞

=

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∑  

 
Last boundary condition 6): V(x,y,c) = V(x,y)  ←  some arbitrary potential (unspecified) on top 
surface of box. 
 

( ) ( )
2 2

, 1

Double Fourier Series

    , , , sin sin sinhnm
n m

n m n mV x y c V x y A x y c
a b a b
π π π π∞

=

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞∴ = = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∑  

 

Multiply above relation bysin sinp x q y
a b
π π⎛ ⎞ ⎛ ⎞

⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

and integrate over
0 0

x a y b

x y
dx dy

= =

= =∫ ∫ to project out the 

p, qth term (i.e. use orthogonality properties of sin n
a
π⎛ ⎞

⎜ ⎟
⎝ ⎠

 etc. to obtain Anm coefficients): 

 

( )
0 0

2 2

0 0
, 1

, sin sin

           sinh sin sin *sin sin

a b

a b

nm
n m

p x q yV x y dxdy
a b

n m n m p qA c x y x y dxdy
a b a b a b

π π

π π π π π π∞

=

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∫ ∫

∑ ∫ ∫
 

      For p or (and) q even integers:  = 0  

      For p or q both odd integers:     
2 2 pn qm
a b δ δ⎛ ⎞⎛ ⎞= ⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
 

   Kroenecker delta-functions:  
1 for 1 for 

 ,      
0 for 0 for pn qm

p n q m
p n q m

δ δ
= =⎧ ⎫ ⎧ ⎫

= =⎨ ⎬ ⎨ ⎬≠ ≠⎩ ⎭ ⎩ ⎭
 

Thus: 

( )
2 2

0 0
, sin sin sinh

2 2
a b

pq
p x q y a b p qV x y dxdy A c
a b a b
π π π π⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠∫ ∫  (for p, q both odd ints) 

                 
            = 0 for p or (and) q even integers. 
 

( )
0 0

2 2

, sin sin
4     

sinh

a b

pq

p x q yV x y dxdy
a bA

ab p q c
a b

π π

π π

⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎢ ⎥⎝ ⎠ ⎝ ⎠∴ = ∗⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎛ ⎞ ⎛ ⎞⎢ ⎥+⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

∫ ∫
 for p and q both odd integers. 

        Apq = 0 for p or (and) q even integers. 
 



UIUC Physics 435 EM Fields & Sources I         Fall Semester, 2007       Supp HO # 2        Prof. Steven Errede 

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 
2005 - 2008. All rights reserved. 

6 

 
Suppose V(x,y) = Vo on top surface of box. 
 

Then 
0 0

2 2

sin sin
4

sinh

a b

o

pq

p qV x y dxdy
a bA

ab p q c
a b

π π

π π

⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎢ ⎥⎝ ⎠ ⎝ ⎠= ∗⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎛ ⎞ ⎛ ⎞⎢ ⎥+⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

∫ ∫
 for p and q both odd integers. 

   
2 2

4 2 2

sinh

oVa b
ab p q p q c

a b

π π π π

⎛ ⎞⎛ ⎞⎛ ⎞= ⎜ ⎟⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎝ ⎠ ⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

 

2 2 2

16 1     

sinh

o
pq

VA
pq p q c

a b

π π π
∴ =

⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 for p and q both odd integers,  

         Apq = 0 for p or (and) q even integers. 
 

Then  ( )
2 2

, 1

, , sin sin sinhnm
n m

p p n mV x y z A x y z
a b a b
π π π π∞

=

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∑  

( )
2 2

2 2
, 1 2

16, , sin sin sinh

sinh

o

n m

V n m n mV x y z x y z
a b a bn mnm

a b

π π π π

π ππ

∞

=

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

∑  

 
Summation is over  n = odd integers 
   m = odd integers only!! 
 
Suppose all SIX sides of box have potentials ≠ 0!! 
 
Then V(x,y,z) = V1 + V2 +V3 +V4 +V5 +V6 where Vi (i = 1, 2, . . . 6) represents solution for V(x,y,z) 
for that surface - i.e. make linear superposition of six particular solutions (one for each surface) to 
generate solution for this 3-D problem. 
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3rd Example: Laplace’s Equation in Rectangular Coordinates 
Cubical Box, Sides at ground, Top at +Vo, Bottom at –Vo, Origin at Center of Box. 
       

B.C. 1)  
2
Lx = ± : ( ), , 02

LV y z± =   

         2)  
2
Ly = ± : ( ), , 02

LV x z± =  

         3)  
2
Lz = ± : ( ), , 2 o

LV x y V± = ±  

 
Note spatial reflection symmetry of problem is 
Even under: x →  −x   and   y  →  −y 
Odd   under: z  →  −z 
 

         ∴ ⇒ even functions for x, y (i.e. cosines) but need odd function for z:  (i.e. sines) 
 
General solution of 2 0V∇ =  is of the form:  
(Again, use separation of variables technique:  V(x,y,z) = X(x)Y(y)Z(z)) 
 

( ) ( ) ( ) ( )
, 1

, , cos cos sinhnm n m nm
n m

V x y z A x y zα β γ
∞

=

= ∑  where 2 2 2
n m nmα β γ+ =  

 

B.C. 1): ( ) ( ) ( ) ( )
, 1

, , 0 cos cos sinh2 2nm n m nm
n m

L LV y z A y zα β γ
∞

=

± = = ±∑  

2 2n n
n nL

L
π πα α⇒ ± = ⇒ =   for n = odd integers 

 
Similarly: 

B.C. 2): ( ) ( ) ( )( ) ( )
, 1

, , 0 cos cos sinh2 2nm n m nm
n m

L LV x z A x zα β γ
∞

=

± = = ±∑  

2 2m m
m mL

L
π πβ β⇒ ± = ⇒ =   for m = odd integers 

 
All 0nmA ≡  with  n or (and) m = even integers 

  
2 2

2 2 2    n m nm nm
n m
L L
π πα β γ γ⎛ ⎞ ⎛ ⎞∴ + = ⇒ + =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 
B.C. 3):  {top, bottom}  

( ) ( ) ( ) ( )( )
, 1

Double Fourier Series in  and 

, , cos cos sinh2 2o nm n m nm
n m

x y

L LV x y V A x yα β γ
∞

=

± = ± = ±∑   for n, m both odd integers 
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Multiply both sides of above relation by cos cosp qx yα β  and integrate from 2 2

2 2

L L

L L
dxdy

+ +

− −∫ ∫ : 

2 2

2 2
cos cos

L L

o L L

p qV x y dxdy
L L
π π+ +

− −

⎛ ⎞ ⎛ ⎞± ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫  

( )( ) 2 2

2 2, 1
sinh cos cos cos cos2

L L

nm nm L L
n m

n m p qLA x y x y dxdy
L L L L
π π π πγ

∞ + +

− −
=

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ± ∗⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∑ ∫ ∫  

 

0 , ,
2 2 sinh  

2 2 2pq pq n p m q
L L L L LV A

q
γ δ δ

ρπ π
⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞= ± = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠⎝ ⎠⎝ ⎠

  for p and q both odd integers 

 

( )( )
016   

sinh 2
pq

pq

VA
Lpqπ γ

±
∴ =

±
                         

2 2

nm
n m
L L
π πγ ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 
                         n.b. ± cancel each other – sinh(x) (like sin(x)) is an odd fcn(x)!!! 
 

So that: 
( )
0

2

16
sinh 2

pq

pq

VA
Lpqπ γ

=  for p and q both odd integers  

 

( )
2 2

  , 1
,  

  

     , , cos cos sinhnm
n m

n m odd
integers

only

n n n mV x y z A x y z
L L L L
π π π π∞

=

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞∴ = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∑   

                      where: 
( )
0

2

16
sinh 2

nm

nm

VA
Lnmπ γ

=      for n and m both odd integers 
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4th Example:  Laplace’s Equation in Cylindrical Coordinates 
Two long coaxial conductors of radius a & b (b > a), charged to potentials Va, Vb  respectively.  
Find potential V and electric field intensity E  in between cylinders 
 
Note: This is a two dimensional problem (has no z-dependence). 
 
B.C.’s  1)  ( ) aV r a V= =                                                                      

            2)  ( ) bV r b V= =     
Note that V also has no φ-dependence!   
 
Try production solution of the form: ( ) ( ) ( ),V r R r Qϕ ϕ=  

Solutions to Laplace’s Equation 2 0V∇ =  for 2-D circular-type problem are  Zonal Harmonics. 
 
General solution is of the form: 

    ( ) ( ) ( ) ( ) ( )0 1
1

, ln cos cos sin sinn n n n
n n n n

n
V r V V r A r n B r n C r n D r nϕ ϕ ϕ ϕ ϕ

∞
− −

=

⎡ ⎤= + + + + +⎣ ⎦∑  

Since this problem has no φ-dependence, ⇒  series in sines and cosines have all coefficients = 0!! 
 
Then solution for this problem is of the form ( ) 0 1, lnV r V V rϕ = +  
 
Impose boundary conditions to solve for 0 1 &  :V V  

1) @ r = a:  ( ) 0 1, ln aV a V V a Vϕ = + =  

2) @ r = b:  ( ) 0 1, ln bV b V V b Vϕ = + =  

Thus:  1 1ln ln a bV a V b V V− = −  or: ( )( ) [ ] ( )1 1ln    lna b a b
a aV V V V V Vb b= − ⇒ = −  

( )0    lna a bV V V V a∴ = − −    and thus   ( ) 0 1, lnV r V V rϕ = +  
 

gives:  ( ) ( )
( )

( )
( )

, ln ln
ln ln

a b a b
a

V V V V
V r V a r

a a
b b

ϕ
− −

= − +    ⇐   valid for a r b≤ ≤  

 

Then: ( ) ( ) ( ) ( ) [ ]
( )

1ˆ ˆ, ,
ln

a bV V
E r V r V r V r r r

ar r
b

ϕ ϕ
−∂

= −∇ = −∇ = − = −
∂

 

And:  free o surfaceE nσ ε= ⋅      Noting that Vb > Va   and    b > a 

On inner surface ( )ˆ ˆn r= + : 
( )
( ) ln

o b ainner
free

V V
ba a

ε
σ

−
= −  

 

On outer surface ( )ˆ ˆn r= −  : 
( )
( ) ln

o b aouter
free

V V
bb a

ε
σ

−
= +  
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5th Example: Laplace’s Equation in Cylindrical Coordinates 
Cylinder of Radius a, Length L, Top Surface at V0, Bottom & Sides at Ground. 
 

( )2 , , 0V zρ ϕ∇ =  in cylindrical coordinates.   

Try product solution of form: ( ) ( ) ( ) ( ), ,V z R Q Z zρ ϕ ρ ϕ=  
 
Solve for ( ), ,V zρ ϕ  inside “can”. 
n.b. Origin is included, and ρ = ∞ is excluded. 
Since there are no charge(s) at 0  ρ = ⇒   require  
potential ( ), ,V zρ ϕ to be finite at 0ρ = . 
 
∴ General Solution (for this problem) is of the form: 

( ) ( ) ( )[ ]
0

1

, , sinh sin cosm mn m mn mn
m
n

V z J k k z A m B mρ ϕ ρ ϕ ϕ
∞

=
=

= +∑  

where the ( )m mnJ x  are Bessel functions of the 1st kind, of order m,  
and ,   1, 2,3,....mn mnx k nρ= = The  xmn are the roots (i.e. zeroes) of Jm (xmn) = 0. 
 
(Note that the Bessel functions of the 2nd kind ( )m mnN x (= Neumann functions) are not allowed 
because these functions are singular (i.e. infinite) at 0ρ = .) 
 
B.C. 1): Potential vanishes at aρ = :  ( ), , 0V a zρ ϕ= =  

B.C. 2): Potential = V0 at z = L: ( ) 0, ,V z L Vρ ϕ = =  
 

( ) ( ) ( )[ ]
0

1

, , sinh sin cosm mn mn mn mn
m
n

V z L J k k L A m B mρ ϕ ρ ϕ ϕ
∞

=
=

= = +∑  

⇒  Fourier Series in ϕ  and Fourier-Bessel Series in ρ . 

Multiply above equation by ( )sin  and p np J kρϕ ρ , and integrate over 
2

0 0

a
d d

π
ϕ ρ ρ∫ ∫  

 

Obtain:  
( )
( ) ( ) ( ) ( )

2

2 2 0 0
1

2cosech
, sin

amn
mn m mn

m mn

k L
A d d V J k m

a J k a
π
ϕ ρ ρ ρ ϕ ρ ϕ

π +

= ∫ ∫    (Note: A0n = 0 for m = 0.) 

And: 

    
( )
( ) ( ) ( ) ( )

2

2 2 0 0
1

2cosech
, cos

amn
mn m mn

m mn

k L
B d d V J k m

a J k a
π
ϕ ρ ρ ρ ϕ ρ ϕ

π +

= ∫ ∫   

                    
 
 
 
 

(Note: for m = 0 use 
 ½ B0n as given here.) 
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6th Example: Laplace’s Equation in Spherical Coordinates  
Initially uncharged conducting sphere (radius, a) placed in uniform electric field 0 ˆE E z= : 

 
Note that this problem has azimuthal symmetry (i.e. no ϕ -dependence). 
 
∴ Generalized Legendré Equation → Ordinary Legendré Equation 

   ( )m
lP cosθ with m = 0            → ( )coslP θ  

 
   ( ), ,V r θ ϕ      ( ),V r θ   Zonal Harmonics 
 

External Field 0 ˆE E z=  (Initially Uniform) 
 
B.C. 1):  At r →  ∞:  ( ) 0 ˆ, ,E r E zθ ϕ =  but: E V= −∇  

     Then:   ( ) 0, ,V r E zθ ϕ→∞ = − + constant  where:  cosz r θ=  
         cosor θ= −Ε + constant  
         ( )0 1 cosE rP θ= − + constant 
 
If the conducting sphere is initially uncharged, then after being placed in external E -field, it will 
(still) have net charge = 0. 
 
∴ B.C. 2): ( ) , , 0V r a θ ϕ= =  surface of conducting sphere is at 0 volts (an equipotential). 
 
General Solution for ( ),V r θ  in spherical polar coordinates, for no ϕ -dependence is of the form: 

  ( ) { } ( )( 1)

0
, cosn n

n n n
n

V r A r B r Pθ θ
∞

− +

=

= +∑  

 



UIUC Physics 435 EM Fields & Sources I         Fall Semester, 2007       Supp HO # 2        Prof. Steven Errede 

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 
2005 - 2008. All rights reserved. 

12 

At r = a, B.C. 2) on surface of sphere is such that: 

( ) { } ( )( 1)

0
, cos 0n n

n n n
n

V r A a B a Pθ θ
∞

− +

=

= + =∑  

 

Multiply above expression on both sides by ( )cosmP θ  and integrate over 1 cos 1θ− ≤ ≤ + : 

{ } ( ) ( ) ( )
1 ( 1)

1
cos cos cos 0n n

n n n mA a B a P P dθ θ θ
+ − +

−
+ =∫  

Now: ( ) ( ) ( )
1

1

2cos cos cos
2 1n m nmP P d

m
θ θ θ δ

−
= ⇐

+∫  orthogonality condition ( )coslP θ  

{ }( 1) 2
2 1

m m
m mA a B a

m
− += +

+
 

2 1m
m mB A a +∴ = −  

 

Now for r → ∞, must have uniform E-field and potential ( ),V r θ  

( ) ( )0 0 1, cos cosV r E r E rPθ θ θ→∞ = − = −  

     but: ( ) { } ( )( 1)

0

, cosn n
n n n

n

V r A r B r Pθ θ
∞

− +

=

→∞ = +∑  

 
∴  All terms in this series other than n = 1 must VANISH!!! 

 Then: ( ) ( )2
1 1 1, cosV r A r B r Pϑ θ−

⎛ ⎞
→∞ = +⎜ ⎟⎜ ⎟

⎝ ⎠
 

vanishes as r → ∞ 
∴  A1 = −E0. All An = 0 for n ≠ 1. 
 

Then if A1 = −E0, since 2 1m
m mB A a += − then for m = 1, B1 = −A1a3 = +E0a3 

∴  ( )
33 3

0 0 0 02 3

cos, cos 1 cos 1 cosa a aV r E r E E r E r
r r r

θθ θ θ θ
⎛ ⎞⎛ ⎞ ⎡ ⎤= − + = − − = − −⎜ ⎟⎜ ⎟ ⎢ ⎥⎜ ⎟⎣ ⎦⎝ ⎠ ⎝ ⎠

 

 

Now E V= −∇  

∴ 
3

0 3

21 cosr
V aE E
r r

θ
⎛ ⎞∂

= − = +⎜ ⎟∂ ⎝ ⎠
 

     
3

0 3

1 1 sinV aE E
r rθ θ

θ
⎛ ⎞∂

= − = − −⎜ ⎟∂ ⎝ ⎠
 

 

The surface charge density ( ), ,r aσ θ ϕ=  on the surface of sphere can be obtained via the relation:   

     0 0 rsurface r a
E Eσ ε ε⊥

=
= =   (by Gauss’ Law for E ) 

∴ ( ) 0 0, , 3 cosr a Eσ θ ϕ ε θ= =  (Note: σ has no explicit ϕ-dependence due to azimuthal symmetry) 
 

Note also that this problem is also equivalent to a point electric dipole of strength 3
0 04p E aπε=  

located at the origin (i.e. center of the sphere) in an externally-applied electric field 0 ˆE E z= . 
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7th Example: Laplace’s Equation in Spherical Coordinates 
Two Conducting Hemispheres at 0V±  
 
Problem has no ϕ -dependence (azimuthally symmetric)           Boundary Conditions: 
          0 2   for 0V πθ+ ≤ ≤  
Note problem is odd when change z → −z:        ( ),V r a ϑ= =  

∴ We will find that only odd ( )cosnP θ  will work    0 2   for V π θ π− ≤ ≤  
 
General solution for 2 0V∇ =  in spherical coordinates  
(for problems with no explicitϕ -dependence): 

( ) ( )( 1)

0
, cosn n

n n n
n

V r A r B r Pθ θ
∞

− +

=

⎡ ⎤= +⎣ ⎦∑  

Inside spherical shell: ( )r a≤  

( ),V r θ  must be finite!  →  All 0nB ≡  inside ( )r a≤  
 

( ) ( )
0

   , cosn
in n n

n

V r A r Pθ θ
∞

=

∴ =∑  

 

B.C.  at r = a:    ( ) ( )
0

  0    2
, cos            and   

   2

o

n
in n n

n

o

V

V a A a P

V

πθ

θ θ
π θ π

∞

=

⎧ ⎫+ ≤ ≤
⎪ ⎪⎪ ⎪= = ⎨ ⎬
⎪ ⎪
− ≤ ≤⎪ ⎪⎩ ⎭

∑  

 
Multiply above expression on both sides by ( )cosmP θ , integrate over ( )

1

1
cosd θ

−∫ : 

( ) ( ) ( ) ( ) ( ) ( ) ( )
1 0 1

1 1 0
0

cos cos cos cos cos cos cosn
n n m o m o m

n
A a P P d V P d V P dθ θ θ θ θ θ θ

∞

− −
=

= − +∑ ∫ ∫ ∫  

 

( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1 0

1 0 1
0

cos cos cos cos cos cos cosn
n n m o m m

n
A a P P d V P d P dθ θ θ θ θ θ θ

∞

− −
=

= −∑ ∫ ∫ ∫  

 

   2
2 1 nmm

δ=
+

     = 0 (for m = even integers) 

        
( )

( )
1

2 2 !!1
12 !

2

m
m
m

−

−⎛ ⎞= −⎜ ⎟ +⎛ ⎞⎝ ⎠
⎜ ⎟
⎝ ⎠

 (for m = odd int)   

        {Obtained using Rodriguez’ Formula 
          for the ( )coslP θ } 
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( )
( )

1
2 2 !!2 1   

12 1 2 !
2

m

m
m o

m
A a V

mm

−

−⎛ ⎞ ⎛ ⎞∴ = −⎜ ⎟ ⎜ ⎟ ++ ⎛ ⎞⎝ ⎠ ⎝ ⎠
⎜ ⎟
⎝ ⎠

 for m = odd integers 

( )
( )( )

1
2 2 1 2 !!1   

12 2 !
2

m

m o
m

m m
A V

ma

−

+ −⎛ ⎞∴ = −⎜ ⎟ +⎛ ⎞⎝ ⎠
⎜ ⎟
⎝ ⎠

  for m = odd integers 

      Am = 0 for m = even integers. 
 

∴  ( ) ( )( ) ( )
1

2

odd
integer

2 1 2 !!1, cos
12 2 !

2

n n

m o n
n

n n rV r V P
n a

θ θ
−⎛ ⎞

⎜ ⎟∞ ⎝ ⎠

=

+ −⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟+⎛ ⎞⎝ ⎠ ⎝ ⎠
⎜ ⎟
⎝ ⎠

∑  

i.e. ( ) ( ) ( ) ( )
3 5

1 3 5
3 7 11, cos cos cos ...
2 8 16in o

r r rV r V P P P
a a a

θ θ θ θ
⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + +⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

 

 

For r > a, simply replace 
nr

a
⎛ ⎞
⎜ ⎟
⎝ ⎠

in above expression by 
1na

r

+
⎛ ⎞
⎜ ⎟
⎝ ⎠

(!!!) 

Then: ( ) ( )( ) ( )
1 1

2

odd
integer

2 1 2 !!1, cos
12 2 !

2

n n

out o n
n

n n aV r V P
n r

θ θ
−⎛ ⎞ +⎜ ⎟∞ ⎝ ⎠

=

+ −⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟+⎛ ⎞⎝ ⎠ ⎝ ⎠
⎜ ⎟
⎝ ⎠

∑  

 
Can also easily see that ( ) ( ), ,in outV r a V r aθ θ= = = - i.e. the potential is continuous across the 
radial boundary of sphere (i.e. on a radial trajectory)! 
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8th Example: Laplace’s Equation in Spherical Coordinates 
The Double Spherical Capacitor. 
 
This problem has     V = 0    ẑ  
azimuthal symmetry 
(i.e. no ϕ -dependence)   +V0 
        

        a 
     
     b 
 
      V = 0   We want to find V inside 
                  ( )a r b≤ ≤  
      +V0 
B.C.’s:  

@ r = a: V = +Vo 0
2
πθ≤ ≤  

  V = 0  
2
π θ π≤ ≤  

@ r = b: V = 0  0
2
πθ≤ ≤  

  V = +Vo 2
π θ π≤ ≤    

General solution is of the form:   ( ) ( ) ( )1

0
, cosnn

n n n
n

V r A r B r Pϑ θ
∞

− +

=

⎡ ⎤= +⎣ ⎦∑  

In the region a r b≤ ≤  we have (note: the origin and r = ∞ are both excluded in this problem): 

@ r = a: ( ) ( ) ( ) o+   01 2
  0   0 2

, cos
Vnn

n n n
n

V a A a B a P
πθ

π θ π
θ θ

∞ ≤ ≤− +

≤ ≤=

⎧⎡ ⎤= + = ⎨⎣ ⎦ ⎩
∑  

@ r = b: ( ) ( ) ( )
o

  0   01 2
+  0 2

, cosnn
n n n Vn

V b A b B b P
πθ

π θ π
θ θ

∞ ≤ ≤− +

≤ ≤=

⎧⎡ ⎤= + = ⎨⎣ ⎦ ⎩
∑  

 
To determine the coefficients An and Bn, multiply above expressions on both sides by ( )cosmP θ , 

integrate over ( )
1

1
cosd θ

−∫  to project out mth term: 

 

r = a: ( ) ( ) ( ) ( ) ( ) ( )
1 11

1 0
0

cos cos cos cos cosnn
n n n m o m

n

A a B a P P d V P dθ θ θ θ θ
∞

− +

−
=

⎡ ⎤+ =⎣ ⎦∑ ∫ ∫  

r = b: ( ) ( ) ( ) ( ) ( ) ( )
1 01

1 1
0

cos cos cos cos cosnn
n n n m o m

n
A b B b P P d V P dθ θ θ θ θ

∞
− +

− −
=

⎡ ⎤+ =⎣ ⎦∑ ∫ ∫  

     2
2 1 nmm

δ=
+

 ( 1  for  nm n mδ = = , = 0  for n m≠ ) 
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  ( ) ( )
1

0
cos cos 1  for  0mP d nθ θ = =∫  

    
( )

( )
1

2 2 !!1
12 !

2

n
n
n

−

−⎛ ⎞= −⎜ ⎟ +⎛ ⎞⎝ ⎠
⎜ ⎟
⎝ ⎠

  for n = 1,3,5,7, … odd integers 

   = 0 for n = 2,4,6,8, … even integers 
 

r = a: ( ) ( )
1

21 2 !!2 1
12 1 2 !

2

m

mm
m m o

m
A a B a V

mm

−⎛ ⎞
⎜ ⎟
⎝ ⎠− + −⎛ ⎞ ⎛ ⎞⎡ ⎤+ = − ←⎜ ⎟ ⎜ ⎟⎣ ⎦ ++ ⎛ ⎞⎝ ⎠ ⎝ ⎠

⎜ ⎟
⎝ ⎠

 for m > 0, m odd integers only 

r = b: ( ) ( )
1

21 2 !!2 1
12 1 2 !

2

m

mm
m m o

m
A b B b V

mm

−⎛ ⎞
⎜ ⎟
⎝ ⎠− + −⎛ ⎞ ⎛ ⎞⎡ ⎤+ = − ←⎜ ⎟ ⎜ ⎟⎣ ⎦ ++ ⎛ ⎞⎝ ⎠ ⎝ ⎠

⎜ ⎟
⎝ ⎠

 for m > 0, m odd integers only 

 
for m = 0:   Am, Bm = 0 for m = 2,4,6,8, … even integers 

r = a: 0 0 0
1 1

2
A B V

a
+ =  

r = b: 0 0 0
1 1

2
A B V

b
+ =    0 0 0

10
2

B A V= → =  

 
for m = 1: 

r = a: 3 3
1 1 0

3
4

A a B a V+ =  

r = b: 3 3
1 1 0

3
4

Ab B b V+ = −    
2 2

2 2
1 0 1 03 3 3 3

3 3,   
4 4

a b a bA V B a b V
a b a b

⎛ ⎞+ +⎛ ⎞= = −⎜ ⎟ ⎜ ⎟− −⎝ ⎠⎝ ⎠
 

 
for m = 3: 

r = a: 7 4
3 3 0

7
16

A a B V a+ = −  

r = b: 7 4
3 3 0

7
16

A b B V b+ =    
4 4 3 3

4 4
3 0 3 07 7 7 7

7 7,   
16 16

a b a bA V B a b V
a b a b

⎛ ⎞ ⎛ ⎞+ +
= − =⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠

 

 
In general: 

( )( ) ( )1 !! 1 1

01 2 1 2 1

1 2 1
2

n n n

n n n n

n a bA V
a b

+ + +

+ + +

− + ⎛ ⎞+
= ⎜ ⎟−⎝ ⎠

  for n = 1,3,5,7, …. odd integers 

( ) ( )!!
1 1

01 2 1 2 1

1 2 1
2

n n n
n n

n n n n

n a bB V a b
a b

+ +
+ + +

− + ⎛ ⎞+
= ⎜ ⎟−⎝ ⎠

  0 0 0
1 ,   0
2

A V B= =  

An = Bn = 0  for n = 2,4,6,8, …. even integers 
 
and where ( )( ) ( )( )( )( )1 !! 1 1 3 ...11 1n n n n+ + − −− = − 1= ± , i.e. +1  for n = 1, −1  for n = 3, +1 for n = 5, etc. 
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∴ Solution for ( ),V r θ  in region a r b≤ ≤ :  ( ) ( ) ( )1

0
, cosnn

n n n
n

V r A r B r Pθ θ
∞

− +

=

⎡ ⎤= +⎣ ⎦∑  

( ) ( )( ) ( )

( ) ( ) ( ) ( )

1 !! 1 1

0 01 2 1 2 1

!! 1 1
1

1 2 1 2 1

1 2 11,
2 2

1 2 1
                                 cos

2

n n n
n

n n n
n odd

n n n n n
n

o nn n n

n a bV r V V r
a b

n a b a bV r P
a b

θ

θ

+ + +∞

+ + +
=

+ +
− +

+ + +

⎧ − + ⎛ ⎞+⎪= + ⎨ ⎜ ⎟−⎝ ⎠⎪⎩

⎫− + ⎛ ⎞+ ⎪+ ⎬⎜ ⎟− ⎪⎝ ⎠ ⎭

∑
 

 

( ) ( )
( ) ( )

( ) ( )

2 2
2 2

0 0 13 3 23 3

4 4 3 3
3 4 4

37 7 7 7 4

1 3 1, cos
2 4

7 1                     cos ....
16 o

a b a bV r V V r a b P
a b ra b

a b a bV r a b P
a b a b r

θ θ

θ

⎡ ⎤+ +⎛ ⎞⎢ ⎥= + − ⎜ ⎟−− ⎝ ⎠⎢ ⎥⎣ ⎦
⎡ ⎤+ ⎛ ⎞+
⎢ ⎥− − +⎜ ⎟− −⎢ ⎥⎝ ⎠⎣ ⎦

 

 
Note that if b → ∞, then:  

( ) ( ) ( )
2 4

0 0 1 0 3
1 3 7, cos cos ....
2 4 16

a aV r V V P V P
r r

θ θ θ⎛ ⎞ ⎛ ⎞= + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

   

 
 
If a → 0, then: 

( ) ( ) ( )
3

0 0 1 0 3
1 3 7,   cos cos ....
2 4 16

r rV r V V P V P
b b

θ θ θ⎛ ⎞ ⎛ ⎞= + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

   

 
 

 
Average value of potential seen at r = 0 (or r = ∞ also) 
 

Potential outside  
two hemispheres held 
at potentials V0, 0. 

Potential inside  
two hemispheres held 
at potentials V0, 0. 


