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LECTURE NOTES 14

THE MACROSCOPIC MAGNETIC FIELD ASSOCIATED WITH THE RELATIVE
MOTION OF AN ELECTRICALLY-CHARGED POINT-LIKE PARTICLE

An electrically charged point-like particle of charge +¢ (> 0) moving in the lab frame with
relative velocity v (with respect to a fixed coordinate system, origin .4 ) generates an apparent

solenoidal magnetic field B in the lab reference frame (¢f with particle’s own reference frame:
B=0 there!)

For the non-relativistic case (i.e. for v << ¢ {c = speed of light in vacuum}),

the strength of B y ( r ) from a moving point-charged particle with electric charge g is:

= . f L f .
Then: |B,(7)= 9 [VX—2J=’uo(qvx—2j (using ¢* =1/g, u,)

_47z5002 r 4 r
o, For r . s
where: 7 =7 -7 =(obs.pt—src.pt) and: —=—=— since: 7=|F|F=1"
ror |7|
Side View: V=y: Face View:  ¢>0: B, (7)=+B,(7)
{/-L/.‘BAQ&A‘JF“%
e }}/50\
<§f ?:,./GX /@'11 o >\
| f-\\\ : %
Iy e e
rve TR e prae
For +¢>0: B, (7)=+B,(F)¢ v
For—¢<0: B,(7)=B,(7)(-¢)=-B,(¥)¢ v =z, 2 out of page

The macroscopic B -field associated with a moving electrically charged particle is a solenoidal
field, i.e. B,(7)=B,(¥)p!
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Take cross-products e.g.v x 7, and v x 7, to determine the direction of B-field at observation/field

points P(7)and P(7 ), as shown in the figure below:

Local Origin, 4

Observation
Point P(7)

Observation V=
Point P(7) Bq(’71)=+3q(’71)37

EL(?)zﬁﬁiJ(qﬁxjg)::(f%j(qﬁxi;) Tédas(zéﬂgnqr_m)

This is the magnetic field observed in the lab frame due to a point-like particle with electric
charge ¢ moving with relative velocity v << ¢ in the lab frame.

By deliberate construction (here), 7, =7 —7" and 7, =7, —7' are (momentarily) L to v
In general: Vx 7 =vrsin®¢, where © = angle between v and 7 (= 90° here).
Charged particle’s velocity vector is v =vz and vector 7 lies in x-z plane (here).

The above pix shows the situation at the so-called distance of closest approach of the point-like
charged particle to the observation/field point P(7), then |7|=|# —#|= minimum, and

®=90°, sin®= sin(90°) =1. Let’s say that this occurs at time 7 = 0.

Then (here) at the distance of closest approach: Eq (17 ,t= 0) = (f—;j (%)gﬁ

At time ¢ = —oo the charged particle is infinitely far away, located at (x, y,z) = (0,0 — ) traveling

with v =vz. Then Eq (;7 ,t= —oo) = 0. Similarly, at time ¢ = +oo the charged particle is also

infinitely far away, located at (x, y,z) = (0,0+ o) traveling with ¥ = v . Then B y (77 = +oo) =0.

Bfieldvs. 7=7—7: |F(t)=F, +viE=(r., +vt)z B, field vs. t:
A
1B, (7,t=0) 1B, (7.1)
1
(5\ =
0 "r P— (=0 .
7' =—00Z F=r z 7' =+o0Z
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= /., = minimum.

min

At the distance of closest approach (1=0): r=|7|=|F —7|=|F -7,

s

v

Local Origin, 4 z Fog v

Y

Source point S(7')

— —

7= 7 — F (liesinx-z plane {here})

obs source
point point

=>

Observation/field point P(7) (lies in x-z plane {here})

Z§q (r,t = 0) = f—;% D= 5—;%)7 at the distance of closest approach (z = 0).

Note the similarity between E , and Eq -fields of a point-like electrically charged particle:

Eq( ):( 1 J(q—fj :( ! j(ﬂj Both E , and Eq -fields decrease as 1/ r* from point

’_;
dre, )\ I’ dre, )\ 1
5oy Mo (VP[4 N[V xT 2 :
B (F)=|—=2|| —— |=| =2 || ——— charge, due to 1/ r~ flux law of virtual photons!!!
L a5 s I :

The Macroscopic Magnetic Field B(r) due to a Steady Current | Flowing in an Infinitely
Long Filamentary Wire

The principle of linear superposition tells us that we can view the macroscopic magnetic field
due to a steady current / flowing in a long filamentary wire as the linear superposition of
magnetic field contributions associated with each of the individual electric charges g flowing in
the filamentary wire that microscopically constitute/make up the macroscopic steady current /:

B, (7.1)= iB (7.1) :(f_ﬂjqwi(%]

Where we have assumed (here) that all charge carriers have the same electric charge ¢ and move
along the filamentary wire with the same velocity v =vz.

In the limit that the number of electric charges that are microscopically involved in making up
the macroscopic current / becomes so large that the spacing between adjacent charge carriers
becomes extremely small, e.g. that of atomic dimensions, ~ O(10) Angstroms = 1 nm, then if we
are only interested in the net/total macroscopic magnetic field associated with macroscopic
distance scales, e.g. 7~ 1um (and larger), then we can safely replace the summation in the above

expression by an integral over a continuum of infinitesimal electric charge contributions dg all
moving along the filamentary wire with velocity v = vz.
For steady macroscopic currents / # fcn (¢) the time dependence drops out/vanishes in the

microscopic averaging process! If N, ~ 0(1024 ) total charge carriers, then the fluctuations are
oy =N, ~ 0(1012) , thus fractional fluctuations o /Nq = 1/4 IN, ~ 0(10_12 ) - negligible!!!

q
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Thus for a macroscopic, steady electric current / flowing in a long (one-dimensional)
filamentary wire (of infinitesimal thickness), the infinitesimal contribution dB (F ) due to a

macroscopic current / =4, ,v=dqv/d/{flowing in an infinitesimal length d ¢ of current-

carrying filamentary wire with associated infinitesimal source charge increment dg = Id/ /v is:

dB(F) :(i‘o j](d?(f’)x;j where

Vs
Connection: 1= q% = |Ildi= dgv Id0=1d7 (since I||d7)
" dt = v
Source Point dg = Adl = Avdt
S(7) A line charge (Coulombs/m)
| 7 I=dq/dt= v
B(F) \Id?zldﬁ:dqﬁ

Local Origin, 9 “p (7), Observation/field Point

n.b. figure drawn for d/(7') contribution closest to observation/field point P(7)

Then: B(7)= bdé(?):(&j I jbm_(&j”bﬂ(f’)xf

a AT ) v aimed 2 RS <

3
n.b. assumed |7| 47[
to be constant
everywhere

n.b. If I # constant everywhere, I (7')d(=1(#)d

~

then / must remain inside the integral!

Y

1(7), di(7

Source Point, S (7')

B(7)

P(F) Observation/field point

In general this integral can often be difficult to perform analytically, but it can be easy to do on
computer, e.g. using numerical integration techniques!
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T (7)de=1(7)di E(f):(f—;jj:(j(i#}é:(f—; j"(%} F=F—7

hd
. : o Lo ()Y e[ dO(F)x T
If7 (r’) = constant everywhere, this expression simplifies to: B(r) = 4—” 1 j —Fh
72' a

@ Source point, 7’

Griffiths Example 5.5 - The Macroscopic Magnetic Field Due to a Steady Current Flowing
in an Infinitely Long Wire:

Find the magnetic field B(7) a perpendicular distance » away from an infinitely long straight

filamentary wire carrying a steady / constant / uniform current /.
5 o[ d z F)x T o d _!Z F)x F
4 B(f): Hy I'[ (r)x _| M IJ' (rz)x
4 ) I r 4r ) I r
Observation /

Field Point ~ |
(in x-z plane)

=~y

Local origin 4 i

(y out of page)

Source Point S (7')
For this problem, which way does d¢(7)x 7 point?

Note that: d/(7)=d¢(7)% and that 7 lies in the x-z plane. By the right-hand rule, the cross
product: dix 7 =dlix(ri+ r2)=rdl(ixi)+ rdt(ix)=rdfy
=y =0

Thus, d z(F’) x I'= r.d(y points in the y direction (i.e. out of the page) here, because the field
pointP(F ) (as drawn above) lies in the x-z plane. However as mentioned earlier, d / (F’) xT
actually points in the ¢ -direction (n.b. =  when ¢ =0).

What is the magnitude of d/ (7")x £? From the definition of this cross product,

‘d?(?’)x f‘ =d/sina where o = opening angle between d/(7)and 7.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 5
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. T T
Geometrically: ¢ =7—-f and also: 7 =60+ ﬂ+5 , hence f = 3 0

a:ﬂ—ﬂ:ﬂ—£+0:£+9,thus:
2 2

=0
sin & =sin(£+ 0j=sin(£jcos«9+ co —j sind =cos &
2 2 2

dix F=dlsinap=dlcos0p

From the above figure, note that: cos@ = r (or equivalently: = rcos @)
r

_ sof dO(F)x P -
Then: B(?)z(f—;[ IJ._OO (%} with: 7* =7 +/* and: dﬁ(?’)xfzdﬁcosé@zdﬁ(%j@

. Y7, +0 drl n Y7, I,/ 7
Then: B =| == |1 E—— =2 °o | _p="2_
en: B(7) (4” [ el (Mjrﬂ Ly

= I, e . )
B (r) = (;—7"[ = @| for an infinitely long filamentary wire carrying a steady current /.

An alternative derivation of this result:

Since r = rcos @, we can equivalently express J. d/ in terms of an integral over 6:

dlsina =d/cos@ but note that: ¢/ =rtand (or equivalently: tand = ﬁ)
r

Note also that; » = rcosld = l = cos ¢
r r
dl = e d@ is the Jacobian of the transformation from d¢ — df
cos

Now when / = +o0, == and when { =—c0, 6:—%

%2 dlcos@
r Y7 +Z( cos* @ / .
R GEVAGEE P B ER D 4 B cos0do
(47[) -[’2’( P ](coszeJ ¢

LTS
Then: (&), ﬁ(cosede]q}:(uo) L1 cos 000
4 ) r Az ) r B

= I, . . )
B(F)= ( Ho 12 @| for an infinitely long filamentary wire carrying steady current /.

r
Note that B (;7 ) falls off as 1/r where r =L distance from the infinitely long wire.
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The Macroscopic Magnetic Field due to a Steady Current Flowing in a Finite Length Wire:

What is the B -field associated with a steady current I flowing down a finite length filamentary
wire (of length ¢)? Same configuration/geometry as before/above for infinite length wire.

= N\ ¢ dlg o\ e .
Bﬁ;’,’f(r):(fﬂj;j’h (r2+€2):(f;zJ;J.el cos@dl ¢

—

- I, . ] .
Bﬁnite (r) = (f—;j;(sm 0, —sin 491)¢

wire

Y4 ) V4

1 sinf, = —2—
2, 2 2 2, 2
ro+4 re+/4

Where: |sin g, =

Fall ’06 P435 Student — Michael Wiczer made plots of the magnitude of the B-field along finite
length wire for 5 different choices of current:

M. Wiczer’s contour plot of magnitude of B-field for steady current I flowing down finite-length

wire:

E-field contour plot

0.4

distance frorn wire (arhitrary units)

T T T
a0 100 120
wire axis (arbitrary units) - wire from 50-150

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Griffiths Example 5.6 - The Macroscopic Magnetic Field Due to Circular Steady Current
On the Symmetry Axis of a Current Loop:

A circular filamentary current loop of radius R lies in x-y plane, with a steady current /
circulating anti-clockwise (viewed from above), as shown in the figure below:

z

4 Observation/Field Point
—T % P(F)=P(2)
z ¥ F=vV—-7r
1
1
«— R ——> -

>

Local Origin,

?_ AN

di(7)
Source Point §(7')
(lies in x-y plane)

X
n (7 H, di(F)x = U, di(F)x T
BlOOp (r) B (E) 1¢C(/——2) or: Bloop (7’) = (Ej I@C%

What is d/ (F') x I for this particular problem?
=Rdgp

By the arc-length formula § = R, the infinitesimal segment of current loop d/ = ‘d 2(?’)

dl(7)=(Rdp)(sinp(-%)+ p
(r) ( go)(sm(p( x) cosgoy) < can see this easily e.g. when ¢ =0 and (pz%

and:
= Rdp (—singx + cosgy)
and: | EF—F’=Z—F" since and F'=R(cos¢fc+singpj/)

f
" |F=Z—F =zZ—R(cospi+singy)

8 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2008. All Rights Reserved.



UIUC Physics 435 EM Fields & Sources I Fall Semester, 2007  Lecture Notes 14 Prof. Steven Errede

Thus:
(d?(?’)xf)zd?(?’)x(?— N=di(7)x(Z F’):d?(?’)x(zé—R(cos¢)2+sinqoj/))
= Rdp(—sin px + cos ) (zz R(cos¢x+sm¢y))
IXp=+4+z ypxx=-z xxx=0
Now: |yxz=+Xx zxy=-x pyxp=0| < Very useful table...
Bxi=+ ExE=— 2x2=0
Thus:
(d?(?’)x7)=Rd(p{zsin(p()%xé)+zcos¢(j;x2)
— —
=7 =+%
+Rsingcos @ (2x&) — Reos” p(PxX)
% e
+Rsin’ p(Xx J)— Rsinpcos ¢ ijz)}
G %
(d?(?’)x f) = Ra?(p{+zsingoj/+zc05(pfc—|-Rcos2 @z + Rsin’ ¢2}
= Rdgo{+z sin @y + z cos ¢)€+R[cos2 @+sin’ (p} 2}
= Rdp{+zsin @) +zcos X + Rz}
Finally:
(d?(?’)x f) = Rd¢{z(cos¢£+sin(pﬁ)+R2}
Now: |r=|F|=|F-F|=vz*+R*| and and also r3:(zz+R2)%
Then:

27 Rd¢{z(cos¢£+sin (pj/)+R2}
h (22 +R)

By ()= 22 )1g, LT 1),

22+ R*)?

'
n.b each of these 2 terms will individually vanish / cancel
when integrated over all ¢ -i.e. from 0< @ <27 !!

D - zuu Rz }«l’? T / T~ /u ]Rz A
Bloop(l’)—(—]lm{-i' Q 3 SQ (2) yi|+272'(4 j—Z

4z 2 i (22+R2)%

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Finally:

D =\ _ ﬂo R2 )
B ()4 Jz—(22 N

The B -field on symmetry axis of a steady current-carrying loop of radius R points in Z direction

Note also that B, (r=2Z) falls off as ~1/z" just as a magnetic dipole field should!!

ie. E,oop (r = 22) is the on-axis B -field of a physical (i.e. spatially-extended) magnetic dipole!

= A loop carrying a current / generates a magnetic dipole field!!!

The B -field due to a current loop, on the symmetry (2) -axis of the loop:

“3-D” Side View: : 1 B,n,A= An
B(7) at —, B(7) at
plane of page plane of page
1
A=rR* = cross-sectional area
of current loop
Current / coming out of page here Current / going into page here

Note that at the observation point 7 = zZ, the “normal” components of B (i.e. those L to the

% -axis) cancel, whereas the “parallel” components of B (i.e. those || to the 2 -axis) add!

The vector area of the current-carrying loop is A = Ai (where 7 is defined by right-hand rule
associated with direction of current circulation).

The Magnetic Dipole Moment of a Current-Carrying Loop of Cross-Sectional Area A

—

IA|(= 7R*IZ here) (SI units: Ampere-meters®)

The magnetic dipole moment is defined as: |m =
(7 = £ here), the scalar area of the loop: 4,, = 7R’

oop

The vector area of the loop is: 4, = 7R*A

oop

The Magnetic Field on the Symmetry Axis of an N-Turn Current-Carrying Loop:

Instead of a single current-carrying loop, what would be the B -field associated with N turns
(of very fine wire) for the planar current-carrying loop?

Using the principle of linear superposition: |1,,, = NI |.

10  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Thus on the symmetry axis of an N-turn planar loop of radius R carrying a steady current /:

R? N R?
z =—,uoNI—y
2 (22 +R2) 2

A

. . 1
Bthumloop (Z):NBl»tumloop (Z):N _/uol z

3
: : 2, p2\h
of radius R of radius R 2 (Z + R )

The superposition principle also works for / is valid for magnetic phenomena since it is
intimately connected to electric phenomena via common / same microscopic physics!

The Macroscopic Magnetic Fields Associated with Line, Surface and Volume Currents:

For line, surface and volume currents, we summarize their corresponding magnetic fields below:

. . - Ny Id?’(?’)xf_ H, j(?’)xf ,
Line Currents: Blcigfrent (F)= . J.C, — = =l J-C, — dr
_ K(F)x F
Surface Currents: B, e (F) = f—" L% dA'| where 7 =7 7', and |r=|7|=|F -7
current T
_ J(F)x P
Volume Currents:  |B,,.. (7)= f—" j (rr# dr'| and|F=7/|7|=F-F/|F -7
current T v

n.b. The primed variables denotes integration over the relevant source current distributions.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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The Biot-Savart Law:
The Calculation of Forces on Current-Carrying Conductors Due to Other Current-Carrying Conductors

We have previously derived (in P435 Lecture Notes 13) that the net macroscopic magnetic
force F on a current-carrying wire immersed in an external magnetic field B,

ext

F = _[C dF, (') =4[ IC dl(F)xB,, (7' iff / = constant/steady/uniform current!

Ifr=1 (F’) is not constant/steady/uniform in space, then more generally:

E,=[ I(F)xB,,(F)dt

(7') was:

Now let us consider what £, would be if B, , (7') is due to a 2" current-carrying loop.

For simplicity’s sake, we will assume that all currents involved are steady currents.

Two Amperian Current Loops:

Loop #1: dF, (¥")=1d( (¥')xB,, (¥) Loop #2:

VA

Local

Origin, 9

G

The infinitesimal force dﬁml (') acting on a line segment d/, (') on loop #1 is due to the net

macroscopic magnetic field Eex, (17') at the point 7' that is created by the steady current I,

flowing in loop #2.

Thus: |dF, (7')=1d1,(7')xB,, (¥')| = infinitesimal force acting on line segment d7, (7')

of loop #1 due to net B -field from second current loop #2

Then the net force on the original steady current-carrying loop (loop #1) is:

le - J.Cl dﬁml (l_;l) - Il '[Cl dzl (F’)Xéext (F’)

= magnetic field at source point 7' (on loop #1) at
df,(7) due to 2" current I, flowing in loop #2

12  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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What is the net, macroscopic B -field at the point 7' arising from the steady current /, flowing in
the second current loop #2? It is:

=/ ="

_ =N 7’
Bex,(F')=(&jlzgﬁcz—d€( )< 7 where |7, = (7 —7")| and ||7,,|=

4r 17 T
Then:
F, =§, dF, (%)=, 1d1,(7)x B.,(7)
_ 7 (5 Hy di ( ”)Xfl2_
- <j§q Ldi, (7 )x[bﬂj[zcjicz —| T
(u . di,(7")x 7, |
—(47rj[1]2¢qd€1(r )x{écz 2|7,]2|3 >
ﬁ )% T
m: ml _(luo jll @C Cﬁc ( | (r )X 12) < Biot-Savart Law

Now, Newton’s 3" Law of Motion holds here, i.c. that: |F, ,, =—F, ,

P *" x(d?, 7.
Thus: m2 (ﬂoj 2 1<ﬁq<ﬁq ( 1|( )X 21)

where 7, =(7"—7)=—(#'-7")=-7, and |f21|: 7"

= 12|

This relation can be / is easily obtained by permuting indices 1 =2 and ¥ = 7"

Explicit proof - Use the vector triple cross-product identity: AxBxC=B (;1-6 ) -C (Zoé )

Expand out the integral forﬁ :

6.6, *”WwaL¢¢MWWMM@L¢¢awmmmw»

I7af

a7, (F)(dTy (7)1, (#)(d7, (?”)-?2]): - [ (2, (7"): 21)]
éczq.)q | | Cﬁclggcz |7| q.)ngl( )¢C2 |21

n.b. SWllChed order This integral is carried out

of integration only over closed contour C,
of loop#2

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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7.l

21 f21

217

7l

But what is d/, (") 7, 7?

dl,(7")F, =dl,cos® where & = opening between d7,(7") and 7,,

dl, ("), =dl,cos6

f21

:‘dﬁz (7")

4,”

)cos@=dr, (F

=|d 7, (7")

dF, =dl,cos6

(dﬁ (*") A21)_ dr,

(d?z(f")-le) (dz (7")e gl)

dr,,

= Then: =
|7 |7 CJSCZ |7 Cﬁcz |7 CJSCZ A
But we know that C% = 0| around an (arbitrary) closed loop/contour C !!!
e.g.|AV =G E, (F)dl= 47350 } dfj 47250 C% = 0| for a point electric charge!!!
Thus finally: N
A 21( )'dzl(F’))
n12 - ( ] 2 lq-)Cz q-)CI |
21
=7 =)= (7 ’7”)=_712
And: |r21| 7= 7| = |7~ 7| = |7, > o |F, =-F,
And: A-B = B-4
e P (0, (F)ed 1, (7))
Thus: |F, =- 47[)11129% <j>C2 o Q.E.D

14 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Examples of the Use of the Biot-Savart Force Law:

The Net Force Between Two Infinitely Long, Parallel Wires Carrying Steady Currents I, and I,

Referring to the figure below, let’s calculate the net force on wire #1 (carrying current I, = 1,2)

due to the external magnetic field produced by the (parallel) wire #2 (carrying current . ,=1,2)
located a perpendicular distance » = d away from wire #1. Both wires are infinitely long.

Solenoidal B -field 1, = 1,2 I=1;2 ! 2 Solenoidal B -field
from wire #2 at @ ®: from wire #2 here
wire#l points — y(e)<— d— < d-— >i® X points into page
out of page d?l © d?z ®:

wire #1 wire #2 !

The magnetic field B, _,, (r (r = d)arising from a steady current I, = 1% flowing in wire # 2, at a

perpendicular distance » = d away from wire # 2 is:

- o[, jszZX/A'_ U, ]deZXf_ U, VI, .| | See pages5-6 of
B e (r_d)_(E]JQT_ . J.cz 2 oz E(D these lecture notes

The Biot-Savart Law:
The net magnetic force on current-carrying wire #1 due to B-field of current-carrying wire #2 is:

F = dF ﬁ’ J.Idﬁ ﬁ')XBwne#Z( :d)

my
wire#l

_I ]dg a’)wane#2( d):]l-[Cl dél (F’)ngire#Z (r,:d)

But here: d/, (7)=dz2

~ M, \1, u, V11,
FE, =1 0 = =
ﬁlire#l G sz(zﬂ-j d ¢ (272-} '[ 1( )dZ (

Which way does (2x @) point? If ||-wires are in the y-z plane and separated by distance d:

J%(EX([)) dz

Wire#1 4 Wire #2 4 Z
I =12 (YO A =1z
o 4
Bwire#Z (y = _d)\)r\y = _d /\y O -Z
points in the oY %Y 9= Local Origin
¢ -direction ® ®

Note that ¢ at wire # 1 points in the x -direction (@ || X at wire # 1) —i.e. ¢ and x both point out
of the page.
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Then: (£x (/3) =ZzxX=+y (referring to useful table on p. 8 of these lecture notes).

~ INA
Then: |F, (F=-dy)= (27[] yjcl dz

wire#l d

But if current-carrying wire #1 is infinitely long, then: '[C dz = J._OO dz=0w+0w=0!!!

= The net magnetic force le (r) on an infinitely long wire carrying current fl =1,z dueto

wire#l

another infinitely long, parallel wire carrying current I , =1,z a L distance r away is infinite!!!

. . . . L
However, note that the magnetic force per unit length is finite: '[0 dz=1L

- 11,
Define force per unit length as: | f, (¥ =—dy)= ( =—d) /Lj [ j hY

wire#l wzre#l d

Then by Newton’s 3™ Law, the magnetic force per unit length acting on wire #2 due to the B -
field a perpendicular distance d away from wire #1 is:

j??re#z(r =0)= ( ,v,v,lzw#z(l”—-i'd)/L J ( j%( j}) (éj;jlcj y

Thus we see that: |F, ~ =-F, |or: |f, =-f, | asthey mustby Newton’s 3" Law
wire#2 wire#l wire#2 wire#l

“For every action there is an
equal and opposite reaction”

Note that: fm =N~~(+)A/) and J?mz = (_JA’)

|
wire#l wire#2

1.e. parallel wires carrying currents in the same direction attract each other!

= parallel wires carrying currents in opposite directions repel each other!

16 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Line

Volume
In an External Magnetic Field B, (7)

Lecture Notes 14

Macroscopic Magnetic Forces and Torques on < Surface> Current Densities

Prof. Steven Errede

I =Av
K

<

1.) Moving point charge ¢ located at 7' in a externally-applied magnetic field Em (F’):

2.) Filamentary line current carrying conductor in externally-applied magnetic field Eext (F’):

F,=]. f(f')xf? (#)dt = 1d1(7)xB.,(7)
DL L)

3.) Surface/sheet current densities in externally-applied magnetic field Eext (F’) :

E,=[ K(F)xB, (F)d4

m

T, = Is' 7' xdF, (7)= J.S, F'X[E( F')x Bex (”’)] dA'

4.) Volume current densities in externally applied magnetic field B, (7'):

F = J. J(#)xB,, (¥)dr'

£, = #xdF,(7)=[ #'x[J(#)xB,, (¥)]dr

v

If Bm( ) is e.g. due to a 2" current-carrying loop (loop #2), with current I / K / J

1.€.

=/

7

)

4 |f21|

- Ldi
Bext (F,) - (&jé : - (r 3)X rzl Where ,_:21 = (F”_

and

|7l =7

="

—7|

then plug this expression for B, (7 (7') into any of the above relations to obtain Biot-Savart

formulae for F

etc.

ml’
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( Moving Point Charge

Macroscopic Magnetic Field IntensitiesE(F) Produced by a { Line/Surface/Volume

Current Density

\

n.b. The primed variables in the formulae below denote integration over the relevant source

current distributions, and , thus: |7 =|f |=|F—F'|

and

P=r)|r|=F-7[[F -7

cf to parallel expression for E-field:

1.) B -field due to a moving point electric charge ¢ (v < ¢):

D = ILI() =7 f lLlo = f_f'
quwWZWW”>X?J:[E)[M”X|(f_f|3]
:[ﬂ" j(qﬁ(?’)xij:(ﬂoj qﬁ(?’)X(F_F')
4 r 4 |,7_;7’3
2.) B -field due to a line current 7 (7') (Amps):
S () dU(F)x P (ﬂ j 1d0 (7Y% (7 —7)
B- =| == _— =
(r) [4ﬁ).[c' r Y jc’ |’7_,7,|2
_(&M Id?’(?’)xf_(&jj- 1di'(7)x(7 =7)
Nax e r Al oy
3.) B -field due to a surface/sheet current K (7') (Amps/m)
= | M, ]2(7'))(/’) M, E(f’)x(f—f") ,
Aelr)=[ e L e o )L R
()] KO gy 1)) EOCr
4 )7s r 4 )Is |;7_,7’|
4.) B -field due to a volume current J (F’) (Amps/mz):
s ()¢ L)V (wp JFE)x(F-F)
B](r)_(Mj [ e [
D e 3 el
F—F|

%)
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